Topological screening and interference of fractionally charged quasi-particles 
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Interference of fractionally charged quasi-particles is expected to lead to Aharonov-Bohm os- 
cillations with periods larger than the flux quantum $o- However, according to the Byers-Yang 
theorem, observables of an electronic system are invariant under adiabatic insertion of a quantum of 
singular flux. We resolve this seeming paradox by considering a microscopic model of an electronic 
Mach-Zehnder interferometer made from a quantum Hall liquid at filling factor v = 1/m. Such 
interferometers have the shape of a Corbino disk and utilize quantum Hall edge states in place of 
optical beams and quantum point contacts as beam splitters connecting different edge channels. An 
approximate ground state of such an interferometer is described by a Laughlin type wave function, 
and low-energy excitations are incompressible deformations of this state. We construct a low-energy 
effective theory by projecting the state space of the liquid onto the space of such incompressible 
deformations and show that the theory of the quantum Hall edge so obtained is a generalization of 
a chiral conformal field theory. Amplitudes of quasi-particle tunneling in this theory are found to 
be insensitive to the magnetic flux threading through the hole in the Corbino disk. This behavior is 
a consequence of topological screening of the singular flux by the quantum Hall liquid. We describe 
strong coupling of the edges of the liquid to Ohmic contacts and the resulting quasi-particle cur- 
rent through the interferometer with the help of a master equation. As a function of the singular 
magnetic flux, the current oscillates with the electronic period <5>o, i-e., our theory conforms to the 
Byers-Yang theorem. These oscillations, which originate from the Coulomb blockade effect, are sup- 
pressed with increasing system size. In contrast, when the magnetic flux through the interferometer 
is varied with a modulation gate, current oscillations have the quasi-particle period m<I>o and survive 
in the thermodynamic limit. 

PACS numbers: 73.23.-b, 73.43.-f, 85.35.Ds 



I. INTRODUCTION. 

Since its discovery, in 1980, the quantum Hall (QH) 
effect has been a very rich source of interesting prob- 
lems related to topological and correlation effects in con- 
densed matter systems. The QH effect is observed in 
two-dimensional electron gases 2 - (2DEG) exposed to a 
strong magnetic field perpendicular to the plane of the 
gas. At appropriate electron densities, the 2DEG forms 
an incompressible liquid. The QH effect manifests it- 
self in the precise and universal quantization of the Hall 
conductance. This behavior originates from an interplay 
between the Landau quantization of the orbital motion 
of electrons 3 - and interaction effects, which leads to the 
formation of a bulk energy gap. As a consequence an 
incompressible state is formed in the bulk of the 2DEG. 
At the edge of a 2DEG exhibiting the QH effect there ex- 
ist, however, gapless chiral modes that are the quantum 
analogue of classical skipping orbits^ In the presence of 
strong Coulomb interactions, these modes can be viewed 
as collective edge plasmon modes. Remarkably, it has 
been predicted^ that, at fractional fillings of the Lan- 
dau levels, besides the collective modes the edge states 
of the 2DEG also describe quasi-particles with fractional 
charges and fractional statistics^ For instance, in QH 
liquids with filling factor v = 1/m, where m is an odd 
integer, Laughlin quasi-particle excitations have an elec- 
tric charge e* = e/m, where e is the elementary electric 
charge. Such excitations can be scattered between oppo- 



site edges at narrow constrictions forming quantum point 
contacts (QPC), thus contributing to a backscattering 
current. 

The fractional charge of Laughlin quasi-particles has 
been confirmed, experimentally, in measurements of the 
shot noise of weak backscattering currents 4 The quasi- 
particle charge in these experiments is inferred from the 
Fano factor of noise, which is the ratio of the noise power 
to the average backscattering current. Although, at 
present, there is a consensus on the interpretation of the 
experimental results, this type of measurement does not, 
in general, represent a direct test of the fractional charge 
of quasi-particles £ Indeed, the Fano factor of noise is 
not universal and may be reduced or enhanced for var- 
ious reasons^ For instance, the so called "charge frac- 
tionalization" in nonchiral one-dimensional system s 1 ^ 12 
is a property of collective modes that has nothing to do 
with the existence of fractionally charged quasi-particles. 
Nevertheless, this phenomenon reduces the Fano factor 
of noise at relatively high frequencies^ 

A direct measurement of the quasi-particle charge 
should rely on its definition as a coupling constant in 
the interaction Hamiltonian coupling matter to the elec- 
tromagnetic field and on the quantum nature of quasi- 
particles. The most appealing approach is to make use 
of the Aharonov-Bohm (AB) effect^! which relies on the 
fact that the interference of quasi-particles is affected by 
a magnetic flux. Following a commonly used formula- 
tion of this effect, we consider a gedanken interference 
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FIG. 1: An electronic analogue of an optical Mach-Zehnder 
(MZ) interferometer is shown schematically. Upper panel: Ac- 
cording to a gedanken formulation of the Aharonov-Bohm 
effect, quasi-particles with fractional charge e/ra propagate 
from a source to a drain via two beam splitters, and enclose 
a singular magnetic flux <&. Lower panel: Schematic sketch 
of a typical experimental realization of the MZ interferome- 
ter in a quantum Hall system.--— Chiral edge states, shown 
by arrows, play the role of optical beams. They are split at 
two quantum point contacts indicated by dashed lines. The 
source and drain are Ohmic contacts. The quantum Hall liq- 
uid is confined to a region with the topology of a Corbino 
disk (indicated by gray shading). The magnetic flux through 
the interferometer is typically changed by a modulation gate, 
shown as a blue triangle. However, it is possible, at least in 
principle, to insert a singular magnetic flux through the hole 
in the Corbino disk. 

experiment shown in the upper panel of Fig. Q] Quasi- 
particles of charge e/m traverse two beam splitters and 
follow paths that enclose a singular magnetic flux <f>. The 
relative phase between the two amplitudes, for the upper 
and lower path, is shifted by an amount of 2tt<& /m<&$, 
which leads to AB oscillations in the current from the 
source to the drain as a function of the flux $ with quasi- 
particle period m4> . The quasi-particles can then be 
detected by differentiating their contribution to the AB 
effect from electron oscillations with period $0. 

AB oscillations with quasi-particlc periods larger than 
the flux quantum have been observed in a number of 
recent experiments^— involving QH interferometers of 
the Fabry-Perot type. In these interferometers, chiral 
edge states of a QH system form a loop. The magnetic 
flux through the loop is varied cither by changing the 
strength of the homogeneous magnetic field, or by de- 
forming the edge of the QH system with the help of a 
modulation gate. The theoretical interpretation of the 
experimental results as demonstrating a quasi-particle 
AB effect appears obvious. Nevertheless, it remains the 
subject of a theoretical debate for the following reasons. 
First of all, oscillations of the current through a Fabry- 
Perot interferometer as a function of the magnetic flux 



could originate from the Coulomb blockade^ rather than 
from interference effects. Second, the original gedanken 
formulation of the AB effect outlined above requires a 
singular magnetic flux threading through the region of 
the plane not accessible to quasi-particles. This is not 
the case in the experiments, see Ref. fl5l - Tl7l | . where 
quasi-particles arc directly affected by the magnetic field. 
Third, and more importantly, the gedanken formulation 
of the AB effect itself leads to a paradox: In any elec- 
tronic system, including fractional QH systems, AB oscil- 
lations should have an electronic period $0, according to 
the Byers-Yang theorem^ This is so, because, after adi- 
abatic insertion of a flux quantum through a hole in the 
sample, an electronic system relaxes to its initial state, 
since the flux quantum can be removed by a single- valued 
gauge transformation. 

The first two problems can in principle be solved by 
using a QH interferometer of a different type, namely 
the electronic analog of an optical Mach-Zehnder (MZ) 
interferometer^ Very recently, AB oscillations in these 
interferometers utilizing QH liquids at integer filling fac- 
tors have become the subject of intensive experimental 
studies^— and theoretical discussions 3^— A typical 
electronic MZ interferometer is sketched, schematically, 
in the lower panel of Fig. [TJ In this interferometer the 
2DEG is confined to a region with a shape topologically 
equivalent to an annulus, i.e., a so called Corbino disk. 
Chiral edge states are used in place of optical beams and 
two QPCs (shown by dashed lines) play the role of optical 
beam splitters. Ohmic contacts are attached to the inner 
and outer edge of the Corbino disk and serve as a source 
and drain for the current. Although MZ interferome- 
ters are more difficult to manufacture, they have an ad- 
vantage over Fabry-Perot interferometers: First, modes 
in two edge channels of the interferometer propagate in 
the same direction and without backscattcring, because 
they are interrupted by Ohmic contacts. As a result, 
the Coulomb blockade can be avoided in these systems 
by strongly coupling the edge states to Ohmic contacts. 
Second, a singular magnetic flux can, at least in princi- 
ple, be inserted in the hole of the Corbino disk, i.e., in the 
region not accessible to electrons. Therefore, electronic 
MZ interferometers might be thought to be a solid-state 
implementations of the gedanken experiment shown in 
the upper panel of Fig. [T] They may thus represent an 
ideal system for addressing the third problem mentioned 
above, namely the paradox associated with the Byers- 
Yang theorem. 

There have been several theoretical attempts to re- 
solve this paradox^ir— In early work [31| , Thouless and 
Gefen have considered the energy spectrum of a QH liq- 
uid confined to a Corbino disk and weakly coupled to 
Ohmic contacts. They have found that as a result of 
weak quasi-particle tunneling between the inner and the 
outer edge of the Corbino disk, the energy spectrum, and 
consequently, "any truly thermodynamic quantity" is a 
periodic function of the magnetic flux with the electronic 
period $o- Although Thouless and Gefen have made an 



important first step towards understanding the AB effect 
in QH interferometers, their analysis is rather qualitative, 
and some of their statements concerning the tunneling 
rates and currents are not firmly justified^ The results 
of their work are difficult to interpret at the level of effec- 
tive theories. But, more importantly, they cannot easily 
be generalized to the situation where the magnetic flux 
is varied with the help of a gate voltage. This situation 
has stimulated further interest in the fractional AB effect 
in MZ interferometers. 



and describing the relaxation of the interferometer to a 
stationary state with a master equation. 



More recently, a number of authors (see Refs. |32|-|34|]) 
have proposed that the correct description of the MZ 
interferometers should take into account the presence 
of additional quantum numbers in a QH state. In the 
thermodynamic limit, averaging the quasi-particle cur- 
rent over these quantum numbers is claimed to restore 
the electronic AB periodicity. These quantum numbers 
are usually introduced ad hoc, with minimal justification. 
Depending on the particular theoretical discussion, they 
are represented either in terms of so called Klein fac- 
tors in the tunneling operators^ or as additional phase 
shifts induced by quasi-particlcs localized at the inner 
edge of the Corbino disk.— We are aware of only one at- 
tempt to theoretically justify the introduction of Klein 
factors in MZ interferometers: In their recent work |35| . 
Ponomarenko and Averin implement a resummation of 
electron tunneling processes between the inner and outer 
edge and claim that there is a duality to weak quasi- 
particle tunneling, where the Klein factors arise natu- 
rally. However, their analysis is done entirely at the level 
of an effective theory, where weak quasi-particle and weak 
electron tunneling are the two fixed points of a renormal- 
ization group flow. There is no guarantee that micro- 
scopic considerations will yield the same result. 

The results of the works [33 - 135] can be summarized as 
follows: They resolve the Byers-Yang paradox by stating 
that AB oscillations with quasi-particle periods cannot be 
observed in the steady-state current through an MZ in- 
terferometer. In other words, these works do not discrim- 
inate between the effects of a singular flux, modulation 
gate, and a homogeneous magnetic field. Our findings do 
not agree with this conclusion. In previous workj2& we 
have argued that quasi-particle AB oscillations should 
be observable if the magnetic flux is varied by deforming 
the edge of the QH system, or, alternatively, by chang- 
ing the strength of the homogeneous magnetic field. We 
have proposed to use this effect as a spectroscopic tool 
for experimental investigations of scaling dimensions of 
quasi-particlcs at different filling factors. In the present 
paper we construct the theoretical basis for this effect. 
Our predictions can be verified experimentally by pinch- 
ing off the QPCs and comparing the regimes of weak 
electron tunneling and of weak quasi-particle tunneling, 
where the periods of AB oscillations should differ from 
each other by a factor of m. Our theoretical arguments 
are presented on three different levels: By considering 
a microscopic wave function for the ground state of an 
MZ interferometer, deriving an effective theory from it, 




FIG. 2: Illustration of our model of a Mach-Zehnder inter- 
ferometer. The 2DEG in the QH effect regime is confined 
to a region, shown by grey shadow, which is an asymmetric 
Corbino disk. The inner and outer edge of the 2DEG are cir- 
cles of radii m and ru, respectively. At the points £u and 
£d the Corbino disk is connected to Ohmic reservoirs. The 
quasi-particle tunneling between the inner and the outer edge 
takes place at two QPCs, shown by dashed lines, that connect 
the points & and £'#, with £ — L,R. 

At the level of the microscopic theory we arrive at the 
rather surprising conclusion that the AB effect, in its 
original formulation^ is not exhibited by QH interfer- 
ometers. In order to clarify this important claim, we 
first remark that the original formulation of the effect 
relies on a single-particle picture, where a particle wave 
travels through the interferometer, as shown in the up- 
per panel of Fig. Q] While traveling through the upper 
and lower paths of the interferometer, the particle wave 
accumulates a phase difference containing three contri- 
butions: a dynamical and a kinematic one, and the AB 
phase differences. This picture is quite appealing and is 
therefore commonly used in the physics literature. How- 
ever, for the description of the AB effect, this picture is 
redundant, because at low energies, the dynamical phase 
can be neglected. Instead, it is more appropriate to con- 
sider the relative phase of the wave function overlaps at 
the two beam splitters. Moreover, in correlated systems, 
such as QH interferometers, the single-particle descrip- 
tion is, strictly speaking, not applicable. In particular, 
the naive (gcdanken) formulation of the AB effect may 
lead to serious misconceptions and problems, one of them 
being the Byers-Yang paradox; (see also the discussion in 
Sec. EH). 

Thus, we propose to investigate many-particle wave 
function overlaps. To this end, we consider a microscopic 
model of an MZ interferometer schematically shown in 
Fig. [2j A QH liquid at filing factor v = 1/m is con- 
fined to a region between two circles of radii rjj and ro . 
By separating the centers of the two circles, we deliber- 
ately break the axial symmetry in order to avoid specific 



geometry effects and to exhibit the general character of 
our results. The inner and outer edges of the QH liq- 
uid are connected to Ohmic contacts at points £u and 
£d via strong electronic tunneling. Weak backscattering 
at two QPCs is modeled by quasi-particle tunneling be- 
tween points £l, £' l , and £r, £' r , as indicated in Fig.[2]by 
dashed lines. The state of the QH liquid is described by 
a Laughlin-type wave function, sec Eqs. (TTJ) and ©. Wc 
generalize the Laughlin wave function, in order to take 
into account the deformation of the QH edge caused by 
the modulation gate, Eq. <j5j) . Exactly the same proce- 
dure can be applied in order to describe a QH liquid of 
arbitrary shape. This will allow us to choose £l ~ £' L 
and £r ~ £' R in order to describe realistic QPCs. Finally, 
the effect of a singular flux threading through the hole in 
the interferometer is described by the wave function in 
Eq. ©. 



It turns out that the wave function overlap (|55|) at a 
point £, i.e., the matrix element of a quasi-particle tun- 
neling operator (J5T)) . is a single- valued function of £, for 
any number, M. of quasi-particles in the interferome- 
ter. This implies that the commonly used picture^ ac- 
cording to which every quasi-particle carries a "statistical 
phase tube" seen by other quasi-particles as an additional 
phase shift, does not apply naively to MZ interferometers. 
More importantly, in the presence of a singular magnetic 
flux <f>, the Laughlin wave function ^ contains a flux- 
dependent factor, which depends only on the distance 
between electrons and the flux tube. In other words, the 
AB phase from the gauge field is canceled, locally, by the 
phase induced by the physical deformation of the Laugh- 
lin wave function in response to the singular flux. This 
fact is independent of the shape of the QH system and 
leads to an exact cancellation of the relative AB phase 
in the tunneling amplitudes (|55[) . Thus, we arrive at the 
rather remarkable result that the AB effect, in its origi- 
nal formulation^ does not exist in QH interferometers. 
However, in response to local edge deformations induced 
by a modulation gate, as described by Eq. ([5]), the wave 
function and, consequently, the tunneling amplitudes ac- 
quire a relative phase proportional to the total change in 
the homogeneous magnetic flux through the QH liquid 
enclosed by the interferometer. This effect leads to os- 
cillations in the current with quasi-particle period m&o- 
Note that this phenomenon, which we propose to call a 
quasi-particle AB effect, does not violate the Byers-Yang 
theorem. 

In order to connect these findings to the low-energy 
effective theory of the QH effect ^£ we consider small in- 
compressible deformations of the ground state of an MZ 
interferometer, as shown in Fig. |3l below. The micro- 
scopic wave function resulting from such deformations, 
given by Eqs. ([3]) and ([!]), is parameterized by an infi- 
nite set of variables, t^. We invoke the classical plasma 
analogy^ and follow the steps of Ref. [4fJ in order to 
project the microscopic Hamiltonian onto the subspace 
of these deformations. After the projection, the variables 
tk turn into oscillator operators, au, with canonical com- 



mutation relations ([25|) . These operators describe gapless 
plasmon excitations at the edge of the QH liquid. The 
projected Hamiltonian (|35[) contains the oscillator part 
with a linear spectrum and the Coulomb charging en- 
ergy, which depends on the number of quasi-particles, 
M, and the number of electrons, N, in the QH system. 
The projected tunneling operators take the form of ver- 
tex operators (|43|) . Interestingly, we do not find any trace 
of Klein factors^ in the tunneling amplitudes. Moreover, 
contrary to earlier suggestions^ the tunneling Hamilto- 
nians at different points in space do not commute with 
each other (see Appendix [A"|) . We show that the low- 
energy theory so derived agrees well with the effective 
theory of Wen and one of us^^ generalized so as to take 
into account the finite size of the QH system and the 
effects of a modulation gate and of a singular magnetic 
flux. 

At the level of the effective theory, the three contri- 
butions to the overall phase shift in the current oscil- 
lations, the dynamical, kinematic, and AB phase men- 
tioned above, acquire the following interpretation! 29 ' 36 
The dynamical phase has its origin in temporal fluctua- 
tions of the charge density at the edge described with the 
help of the oscillator operators, afc. These fluctuations 
suppress the AB effect at high temperatures but can be 
neglected at low energies. The kinematic phase can be 
viewed as a contribution of zero modes. In order to in- 
terpret the AB phase, we note that the effective theory 
in Rcfs. [5[ and [6[ arises as a boundary contribution to 
a topological Chern-Simons theory^ describing the bulk 
of the 2DEG in the presence of an external electromag- 
netic field. Within this theory, the AB phase is picked up 
by a Wilson loop [see Eq. ([75)1 ] along the interferometer 
contour. There are two contributions to this phase: one 
is proportional to the gauge field describing the singular 
magnetic flux; the other one comes from the charge ac- 
cumulated at the inner edge as a result of an adiabatic 
variation of the singular flux. It turns out that these two 
contributions cancel each other exactly, so that the total 
phase due to a singular magnetic flux vanishes. In the 
particular gauge we use, the cancellation is local in space 
and can be viewed as screening of the singular flux by 
the QH liquid. We propose to call this effect topological 
screening, in order to emphasize its independence of the 
particular sample geometry. 

Having constructed the low-energy theory of an iso- 
lated QH system, we proceed to analyze the quasi- 
particle transport at QPCs and the electron transport at 
Ohmic contacts. Wc apply the tunneling approximation 
to describe both processes as rare transitions that change 
the numbers, Njj and Njj, of electrons at the inner and 
outer edge of the Corbino disk and the number, I, of 
quasi-particles at the inner edge, where I = 0, . . . , m — 1. 
The dynamics of the MZ interferometer on a long time 
scale is described by a master equation for the probabil- 
ity to find the system in a state corresponding to given 
values of (Nd,Njj,1)- In order to model Ohmic con- 
tacts, we consider the limit of strong electron tunnel- 



ing. As a result, the density matrix in the electronic 
sector approaches the product of two equilibrium distri- 
butions determined by the Ohmic reservoirs (|78|) . Then 
we sum over the electronic numbers Nd and Njj and 
obtain the master equation, see ([80]) and (|8ip . for the 
density matrix in the quasi-particle sector indexed by I. 
Finally, solving this master equation, we find the current 
through the MZ interferometer as a function of the mag- 
netic flux, thereby establishing the main results of our 
paper. Namely, we find that the current oscillates as a 
function of the singular magnetic flux with the electronic 
period "Jo, and these oscillations are exponentially sup- 
pressed with temperature and system size. This implies 
that they can be viewed as a Coulomb blockade effect. 
In contrast, as a function of the magnetic flux modula- 
tion due to a gate, the current oscillates with the quasi- 
particle period to$o, an d these oscillations survive in the 
thermodynamic limit. Thereby, the Byers-Yang paradox 
is resolved. 

An important result of our analysis is to predict the 
screening of the magnetic flux through the hole in a 
Corbino disk by the QH liquid. Since this effect has a 
topological character, i.e., does not depend on the dis- 
tribution of the flux inside the hole and the sample ge- 
ometry, our prediction also holds in a homogeneous mag- 
netic field. Thus, the effect of topological screening can 
be tested, in principle, in an experiment with an MZ 
interferometer by changing the area of the hole with a 
modulation gate but preserving the area of the QH liq- 
uid inside the interferometer, as shown in Fig. [9] We 
predict that, after the application of a gate voltage, the 
periodicity of the current as a function of the homoge- 
neous magnetic field will not change, contrary to a naive 
expectation that the period depends on the total area 
of the interferometer. This is because the flux through 
the hole is screened and the AB phase is proportional 
to the area of the 2DEG enclosed by the interferometer 
paths. The last fact leads also to another important pre- 
diction: in a strongly disordered system stuck on a QH 
plateau, the topological screening leads to a linear de- 
pendence of the AB period (measured in AB oscillations, 
as a function of the homogeneous magnetic field) on the 
filling factor. This is because by changing the filling fac- 
tor we also change the area of the QH liquid inside the 
interferometer, even if the interfering paths are fixed. We 
stress that our predictions also apply to a QH system at 
the v = 1 plateau, where the measurements can be done 
more easily (see also the discussion in Sec. IVI[) . 

Our paper is organized as follows. In Sec. [H] wc con- 
struct the ground state wave function of an MZ inter- 
ferometer in the fractional QH effect regime and discuss 
the effects of a singular magnetic flux and of a modu- 
lation gate. In Sec. IIIII by projecting the microscopic 
Hamiltonian and tunneling operators onto the subspace 
of states corresponding to small incompressible deforma- 
tions of a QH liquid, we derive the low-energy theory of 
the MZ interferometer. Then, in Sec. IIV1 we compare 
the description derived from our microscopic theory with 



the one provided by the effective Chern-Simons theory. 
In Sec. [V] we use the low-energy effective Hamiltonian in 
order to find the density matrix of the MZ interferome- 
ter strongly coupled to Ohmic reservoirs and to evaluate 
the charge current in the presence of a singular magnetic 
flux and of a modulation gate. We then discuss physical 
consequences of topological screening and propose simple 
experiments to test our predictions in Sec. IVI1 Finally, 
in Appendix [A] wc discuss the commutation relations for 
the quasi-particle operators and for tunneling operators, 
which arc important ingredients of our theory. 



II. MICROSCOPIC DESCRIPTION OF THE MZ 
INTERFEROMETER 

In this section we construct the many-particle wave 
functions of the ground state and of gaplcss excited states 
of an MZ interferometer. We do this step by step, start- 
ing from the Laughlin wave function and manipulating it, 
in order to arrive at a realistic model of the interferom- 
eter. We first present the most important results before 
we prove them, in Sec. Ill Al using the classical plasma 
analogy^ The variational wave function, proposed by 
Laughlin in Ref. Ml and later justified by Haldane and 
Rezayi in Ref. [42|, describes an approximate ground 
state, | A), of a QH system with N electrons at filling 
factor v = 1/m: 



N 



N 



(z|A) = n^-^) m cx P -Eirr 



l<3 



(1) 



Here z denotes a set of complex coordinates Zi = Xi + iyi 
describing t he posi tion of the i th electron, i = 1 ... N, 
and Ib = y/Hc/eB is the magnetic length. It is known^ 
that the wave function (p} describes a circular droplet of 
a QH liquid of constant density pbg = l/(2irml B ) and of 
radius r = IsV^mN. 

In the next step, we add to the state Q} a macroscopic 
number, M, of Laughlin quasi-particles^ at the point Zq: 



N 



.\N,M) = U(zi-z ) M {z\N). 



(2) 



In Sec. Ill Al we explicitly show that the wave function 
@ describes a QH state of constant electron density 
Pbg inside a Corbino disk, as shown in Fig. [2] The in- 
ner hole of the disk is centered at z$ and has a radius 
td = Ib\2M, while the ou ter radius of the disk is given 
by ru = Ib\[%M + mN). We stress that the sample 
geometry so obtained is not symmetric under rotations 
around the axis through the origin perpendicular to the 
sample plane, for z$ ^ 0. We deliberately break the axial 
symmetry in order to avoid accidental effects of symme- 
try and to come closer to a realistic model of an interfer- 
ometer (see Fig. [H lower panel). 

Additional small incompressible deformations of the 
QH liquid disk may be described as follows. We note 



that all states of the lowest Landau level can be described 
by holomorphic functions of electron coordinates. We 
therefore look for a wave function of the for m 40 ' 43 

N 

(z\N,M,t) = exp\m^T / w(zi) (z\N,M), (3) 



where the function 



*(*) = E 



k>0 



tkZ 



(z - z ) k 



(4) 



is analytic inside the Corbino disk (shown in Fig. [2]) , and 
t denotes a set of parameters tk, k € Z. In Sec. Ill Al we 
show that the shape of the deformed disk is given by the 
solution of a two-dimensional electrostatic problem, with 
lo(z) playing the role of an external potential. 

We utilize the wave function (|3]) in two ways. First 
of all, small incompressible deformations are known to 
be the gapless excitations of the QH stated Therefore, 
in order to describe the low-energy physics, we will use 
the wave functions ([3]) to project the microscopic Hamil- 
tonian of the MZ interferometer onto the subspace cor- 
responding to incompressible deformations. Second, we 
investigate the effect a modulation gate located near one 
of the arms of the interferometer. If a negative potential 
is applied to such a gate, the 2DEG is depleted locally. 
In Sec. Ill Al we show that the following choice of wave 
function 

N 

(z\N,M,$) G = cxp [5^(*/$o)wc(«i)]<g|JV,M> > (5) 

i 

with ojq(z) = — J2k>o z /kzj^, describes the local defor- 
mation of a Corbino disk near the point zu, \zu\ = ru on 
its outer edge. This deformation is parameterized by the 
total magnetic flux $ through the depleted region and 
the location, zjj, of the gate. 

Finally, after the adiabatic insertion of a singular mag- 
netic flux $ through the hole in the Corbino disk at the 
point zq , the wave function is multiplied by the phase fac- 
tor Yli exp[— i&/§oa,rg(zi — zq)]. At the same time, the 
wave function is deformed by the spectral flow in order 
to preserve its single-valuedness. This effect is described 
by the additional multiplier Yl^Zi — zo)* 7 '* ■ The overall 
effect of a singular flux on the wave function can thus be 
represented by replacing the original wave function by 

N 

(z \N, M, $) F =H\zi- zol* 7 * fe W, M) (6) 

i 

It is important to note that the function ([6]) is single- 
valued, and it describes an incompressible deformation 
of the initial state © . 



A. Plasma analogy and incompressible states 

The classical plasma analogy^ has proven to be an effi- 
cient method in the analysis of QH states i 44 i 45 It relics on 



the important observation that the norm of the Laughlin 
wave function may be written as the partition function 
of an ensemble of N classical particles interacting via the 
two-dimensional (logarithmic) Coulomb potential. In the 
large- A^ limit the evaluation of the partition function re- 
duces to solving a two-dimensional electrostatic problem. 
Here we apply this method directly to the wave function 
©. We write 

Z= [ d 2 z 1 ...d 2 z N \(z\N,M,t)\ 2 

d 2 Zl ...d 2 z N e- mE v\ (7) 



where the inverse temperature of the plasma is m and 
the energy is given by the expression: 



^ = -E ln i 



E 



' N 2 

2ml% 



M 



— In \zi - z \ 2 - 2Reuj(zi) 

m 



(8) 



Introducing the microscopic density operator p(z) 
J^ 5 2 {z — Zi), we can formally write 



E p i = — — J J d^zd'w p(z)p(w)ln\z — w]' 



where 



tPext(z) 



d 2 zp(z)ip cxt {z), (9) 



M 2 M 
. N +—\n\z-z \ 2 + 2Reoj(z), (10) 
2ml B m 



and normal ordering is assumed in the first term on the 
right hand side of Eq. (jH]) in order to remove the self- 
interaction contribution. This representation makes it 
obvious, that the partition function ([7} describes a gas of 
charged particles interacting via the 2D Coulomb poten- 
tial that are confined by the external potential tp e xt(z). 
The first term in Eq. (|TU| describes the interaction with 
a neutralizing homogeneous background charge of den- 
sity p hg = (l/4:iT)A(\z\ 2 /2ml 2 B ) = l/2itml%. The sec- 
ond term can be viewed as describing a repulsion from 
a macroscopic charge M/m at the point zq. Finally, the 
last term describes the effect of an external (chargelcss, 
since ARew(z) = 0) potential on the particles in the gas. 
The next step is to approximate the integral over co- 
ordinates in Eq. ((TJ) by a functional integral^ over the 
density p(z): 



Z 



Vp(z) 



-m_E p i [p] 



(11) 



After this approximation, which can be justified in the 
large- A^ limit j 4 ^ the evaluation becomes straightforward. 
We note that the energy of the plasma is a quadratic func- 
tion of the density. Hence the average density (p(z)} = 



Z~ x (N, M, t\p(z)\N, M, t ) is given by the solution of the 
saddle-point equation SE p \/Sp(z) = 0, which reads 



d 2 w(p{w)) In \z - w\ 2 + <p cxt (z) = 0. (12) 



Important consequences of this simple equation are the 
following ones. First, it implies that the total potential 
vanishes in the region where (p(z)} ^ 0, i.e. where the 
2DEG is not fully depleted. In other words, the Coulomb 
plasma is a "perfect metal" that completely screens the 
external potential ip cx t- Applying the Laplacian to (|12j) . 
we find that (p(z)) = /?bg, i.e., the Coulomb plasma is dis- 
tributed homogeneously to screen the background charge. 
This confirms that the wave function ([3]) describes an 
incompressible deformation of the QH droplet. In par- 
ticular, the wave function ([2]) describes the approximate 
ground state of an MZ interferometer, shown in Fig. [21 
Indeed, the plasma analogy suggests that the hole in the 
Corbino disk is formed symmetrically around the point 
zq, where the macroscopic charge M/m is located. It 
serves to screen this charge, so that the total potential 
vanishes in the region occupied by the 2DEG. Because 
of perfect screening, the shape of the outer edge is, how- 
ever, independent of the position of the hole and displays 
the symmetry of boundary conditions in the background 
charge distribution (see first term in Eq. (JTT 




CTu(O) 



cr D (9) 



FIG. 3: A QH liquid, whose ground state is given in Eq. {3}, 
is shown schematically. The dashed lines show the edges of 
the unperturbed Corbino disk, while an incompressible de- 
formation is shown by the full lines. The region of constant 
electron density (p(z)) — pbg is shown by the grey shadow. 
The shape of this region is determined by the complex func- 
tion lj(z) defined in Eq. (|4]). The Fourier components of a 
charge density ou accumulated at the outer edge are given by 
the coefficients tk of the regular part of the Laurent series for 
cij(z), while the Fourier components of a charge density od 
accumulated at the inner edge are given by the coefficients 
t-k of the singular part of ui(z) [see Eq. (JT3}]. 

We now investigate the effect of the potential w(z) per- 
turbatively. Let us denote by D the region to which the 
QH system is confined. We search for the solution of Eq. 
(|T2"j) in the form (p{z)) — p^g, for z £ D, and (p(z)) = 




FIG. 4: The effects of a modulation gate and of a singular 
flux are illustrated. Left panel: The modulation gate locally 
depletes the QH liquid. Due to the incompressibility of the 
QH liquid, the repelled charge is accumulated homogeneously 
along the edge. Right panel: In the language of the Coulomb 
plasma, the multiplier in the wave function © depending on 
the singular flux can be viewed as a point-like charge placed 
in the center of the inner hole. It homogeneously shifts both 
edges to preserve the electro-neutrality. 



otherwise. Thus we can rewrite Eq. (|12p as 



Pbg / d 2 wln \z 
Jd 



>\ 2 + Ve*t{z) = 



Introducing a small deformation, D = Dq + SD, and 
taking into account that the integral over the undeformed 
Corbino disk, Dq, cancels the first two terms in Eq. (|10l) . 
we arrive at the following result 



Pbg 



d u>ln 



Rcw(z) = 



(13) 



<U) 



In polar coordinates (see Fig. [3]), the boundaries of the 
deformed disk can be parameterized as r{6) — r s + 
a s (6)/pb g , where s = U,D, and a s (9) are the ID charge 
densities accumulated at the inner and outer edge due to 
the deformation. 

Because of perfect screening in the two-dimensional 
Coulomb plasma, one can solve Eq. (fT3"|) independently 
for each edge. Using the series expansion ]n\z — w\ = 
\n\w\ — Re J2k>o( z / w ) k /k: f° r M < |w|, and the explicit 
expression ((4]) for the potential u>(z), we solve equation 
(fl"3"l) by power series. The result can be presented in the 
form of Fourier series: 



2Trr u a u {0) = 2Re^ kt k r^e 

fc>0 

2Trr D a D (6) = 2Re^£;£_ fc 



in 



-k -ik9 

r n e 



(14a) 
(14b) 



fe>0 



These series show how the microscopic wave function ([3]) 
determines the shape of the deformed Corbino disk. 

Finally, we analyze the effects of a modulation gate 
and of a singular magnetic flux, as illustrated in Fig. 2) 
According to the result (fl"4j) . the deformation described 
by the wave function (|S|) has the following form: 



ru°u{0) 



$ 



m<& 



-(s(e 

v 



h) 



1 

2^ 



(15) 



where Oq is the argument of the position, zjj, of the mod- 
ulation gate. This function correctly captures the effects 
of the modulation gate: the local depletion of the 2DEG 
at the point zjj = rjje ie ° and the homogeneous expan- 
sion of the QH liquid due to its incompressibility. It is 
easy to check that the flux through the depleted area un- 
der the modulation gate, —Bj(au/pb g )rijd8, is indeed 
equal to $. In the presence of a singular magnetic flux, 
the plasma energy contains an additional term 



SE- 



pl 






mlz, 



zo 



(16) 



In the language of the Coulomb plasma it describes the 
addition of a charge $/m$o in the hole of the inter- 
ferometer at the point z$. This homogeneously shifts 
the edges of the Corbino disk by an amount 5r s = 
($/m$o)(l/27rr s p b g), s = U,D, as illustrated in Fig. [4] 



B. Low-energy subspace 

Having found the set of states © describing incom- 
pressible deformations of a QH liquid, we proceed to 
construct operators generating the subspace of such low- 
energy states when applied to the undeformed ground- 
state and finding their commutation relations. First of 
all, let us introduce zero-mode operators changing the 
number of electrons TV and quasi-particles M in the sys- 
tem 



e**|JV,Af,t> 

^ N \N,M,t) 



\N,M + l,t) 
|JV + l,M,t) 



(17a) 
(17b) 



States with different numbers of electrons N are obvi- 
ously orthogonal, while the overlaps of wave functions 
with different numbers of quasi-particles M are strongly 
suppressed in the large- N limit.— Taking this observation 
into account, one derives from the definitions (|17|) the 
following commutation relations for the operators of zero 
modes 4 ' 



[M, e l<p ] = e 1 *, [N, e 1 -" 



„1<!>N] „1IPIY 



(18) 



Next, we introduce deformation operators a ksi s = 
U, D, for any k > 0, acting from the right as 

a kU \N,M,t) = Vkr^t k \N,M,t), (19a) 

a kD \N,M,t) = Vkr D k t_ k \N,M,t). (19b) 

The states ([3]) arc coherent states under the action of 
these operators. In order to find commutation relations 
for these operators, we need to evaluate scalar products 
of the states ([3]). 

We start with the norm of a wave function, which is 
given by the square root of the partition function of the 
Coulomb plasma, and (fTT|) . and evaluate the "free 
energy" 



F 



pi 



-(l/m)log(Z). 



(20) 



Considering the potential u>(z) as a perturbation, we ob- 
tain 



F, 



pi 



F 



PL 



d zd win |z 



so 



where the constant Fq is the contribution from the unper- 
turbed state and from the determinant of the Gaussian 
integral. We evaluate this integral with the help of the 
solution (|14[) and present the result as a bilinear form in 
the coefficients t k , 



F pi (t*,t) = F -J2 k[rl k tlt k + r D 2k t*_ k t_ k ] 

fe>0 

]T k'C k '{z k - k 't k t_ k ,+c.c.}, (21) 



fc>fc'>0 

where C k are binomial coefficients. The holomorphic 
structure of this bilinear form allows us to extend the 
result for the norm Z = exp{— TO-F p i(t*,t)} to the scalar 
products (N,M,t\N,M,t') = cxp{-mF p i(t*, t')}. 

Next, we define differential operators, via their 
matrix elements, as follows: (^>\d/dt k \N,M,t/) = 
—d/dt' k (^\N,M,^). A straightforward calculation then 
yields: 



(N,M,t_\^-\N,M,t_') = - 
dt k 

+ ]T ™k'C k 'z k - k 't'_ k , 

k'<k 



mkrfftt 
(N,M,t\N,M,t'). (22) 



Using definition (|19l) . we may write 

(JV.M.tlo^lJV.M.i'} = (N,M,t'\a kU \N,M,t)* = 
Vkr^tl (N, M, t \N, M, t ') . Substituting this equation in 
([22]) we finally express the adjoint operators acting on 
the states \N,M,t), via the parameters tk, as 



t r 



El (A 

Vk\dt k 



E 

k'<k 



k'c£'z k ~ k 't 



(23) 



Repeating exactly the same calculations for the operators 
d/dt- k , we obtain: 



a kD = -- 



iVk^dt 







E 

k'>k 



kCtz k '- k 



tk- 



(24) 



Using expressions (|T9[) , (|23| and (|24|) for the operators 
a ks and their adjoints and the relation [d/dt kl t k >] = 5 kk > , 
we obtain the commutation relations: 



1 



[a ks ,a k 



Similarly, one finds that [a k 



S kk 'S s 



ks ' u k' 



\aks,a k > S ' 



(25) 



0. 



Thus the deformation operators, a ks and a ks , introduced 
in (|19|) satisfy canonical commutation relations, and the 
subspace of incompressible deformations has a natural 
Fock space structure with respect to these operators. 



III. PROJECTION ONTO THE LOW-ENERGY 
SUBSPACE 

Starting from the microscopic model, we now explicitly 
derive the low-energy effective theory of an interferome- 
ter. For this purpose, we project the microscopic Hamil- 
tonian and tunneling operators of quasi-particles between 
the two edges onto the low-energy subspace constructed 
above. The projection of these operators is defined by 
O — > POP, where the orthogonal projection P is written 
as: 



P= E fjl<?tk^\N,M,t)(N,MA\, 

N,M ■* k 



(26) 



where the norm Z = (M,N,t\M,N,t), in the large N 
limit, is given by the integral (|11[) . We first implement 
the projection procedure in the absence of an external 
magnetic flux. In Sec. IIII Cl we then consider situations 
where a singular flux tube is inserted and a modulation 
gate voltage is applied. 



A. Edge Hamiltonian 

The microscopic Hamiltonian for N electrons, re- 
stricted to the lowest Landau level, is given by the ex- 
pression 



N 



N 



H = J^U(z i ) + J2V(\z i -z j \), (27) 

i i<j 

where V(|2r|) is the potential of the screened 3D Coulomb 
interaction and U(z) is the confining potential, which 
forces electrons to form the interferometer. Note that we 
have omitted the kinetic energy operator, since, acting on 
the lowest Landau level, it gives a constant contribution, 
NHuj c /2, where uj c = eB/m e c is the cyclotron frequency. 
The projection of the microscopic Hamiltonian onto the 
subspace of incompressible deformations H = PHP is 
given by 



n =/2 Y\d 2 t k d% 



,£(t*,i') 



N.M " k 



s/ZZ 1 



\N,M,t)(N,M,t/\, 



(28) 
where Z' = (N,M,t'\N,M,t'), and the potential energy 
contribution reads 



£(f,t') 



1 



\/ZZ' 



(N,M,t\H\N,M,V) (29) 



We first consider diagonal matrix elements E(t*,t) in 
(f2"9")l . They can be rewritten in terms of the electronic 
density in the deformed state as follows: 

E(t*,t) = j d 2 zU(z)(p(z)) 

+ l -ffd 2 zd 2 wV{\z~w\)(p{z)p{w)). 



In the large- N limit and for the long-range Coulomb in- 
teraction we approximate this function as (p(z)p(w)) ~ 
(p(z)} (p(w)) , neglecting the "exchange" contribution. 
Thus, we may rewrite the energy of a deformation in 
terms of the average density as 



E(t* ,t)~ / d 2 zU(z)(p{z)) 



d 2 zd 2 wV(\z 



w\)(p(z))( P (w)) (30) 



Next, we propose to express the projected Hamiltonian 
in terms of the deformation operators (fT9"|) . To this 
end, we consider small deformations of the state ([2]) and 
take into account the fact that the density is constant, 
(p(z)} = pbg, for z G D. Writing the deformed region as 
D = Dq + SD, one can expand the integral (|3U)l in the 
small deformation SD and evaluate the correction term 
with the help of the result (TH)) : 

E(t*,t) = E + mJ2 [eu{k)(ru) 2k kt* k t k 

fe>0 

+ e D (k)(r D y 2k kt*_ k t„ k ]. (31) 

where Eq is the energy of a QH system confined to an un- 
deformed Corbino disk, and the last two terms originate 
from the deformation 5D. The excitation spectra, e s (k), 
s = U, D, arc determined by the two-body interaction 
and by the confining potential: 



e s (k) 



kU'(r s ) i 
2Trmph g r s m J 



d^(2r s |si 



sm-llle^-e^l 



(32) 

Using again the holomorphic structure of the bilinear 
form (f3~Tj) to extend this result to off-diagonal matrix el- 
ements, we arrive at the projected Hamiltonian (|28[) in 
the following form: 



n = E + m J2 Z~2 £s ^ a l^ 



O-ks 



(33) 



s=U,D k>0 



We further assume that the potential V describes 
Coulomb interactions screened at a distance d. In the 
low-energy limit, i.e., for kd/r s <C 1, the deformation 
energy in (|32[) is then linear as a function of the mode 
number: e s (k) ~ v s k/r s , where the constants v s are the 
group velocities of edge excitations. The energy of the 
undeformed state takes the following form as a function 
of the number of electrons N and the number of quasi- 
particles M: 



Eo(N,M) 



2mr£> 



■M z 



2mrjj 



{M + mNf. (34) 



Replacing the mode number with the wave vector k — > 
k/r s , we arrive at the final expression for the edge Hamil- 
tonian 



n = E (N,M) + 






s=U,D k>Q 



s ^ a ks a ks 



(35) 
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We conclude this section with the following important 
remark. Equation (|32p contains two terms: the first term 
is the drift velocity, proportional to the boundary electric 
field, E(r s ), while the second one is proportional to the 
"Coulomb logarithm" 



v s = cE{r s )/B + (e 2 /mh) \n(d/l B )- 



(36) 



The ultraviolet cutoff in (|36[) is determined by correction 
terms in a l/TV-expansion of the two-point density cor- 
relation function. In fact, result (1361) coincides with an 
expression proposed earlier in Ref. [29| on the basis of 
the classical electrostatic picture. 



B. Tunneling Hamiltonian 

The tunneling Hamiltonian for an MZ interferometer 
may be written as a sum of tunneling operators at the 
left and right QPC: 



Hn 



J2 [A(6)+At&)] 

>-L,R 



The tunneling operator is an operator annihilating a 
quasi-particle at a point £' on one edge and recreating 
it at a point £ on the other edge: 



^(0=^p(^qp(O, 



(37) 



where V%> and ip qp are quasi-particle operators. As for 
the edge Hamiltonian, the projection of the tunneling op- 
erator, A = PA(£)P, is expressed in terms of matrix ele- 
ments in deformed states (N, M, t \A(£)\N, M',t') . These 
matrix elements can be found by inserting a complete set 
of intermediate states: 

(N,M,t\A(0\N,M',t')= [Y[d 2 z t 

x (^,M,t|^ p ( C )|z)(z^ qp (^)I^M',t') (38) 



In other words, we define the tunneling operator as an op- 
erator whose matrix elements are overlaps of wave func- 
tions with quasi-particles located on the inner and the 
outer edge. 

The wave functions with insertion of a quasi-particle, 
(z |i/) qp (^)|Af, M, t ) are constrained by the condition that 
the annihilation of m quasi-particlcs at the same point 
is equivalent to the annihilation of an electron. The 
electron operator is defined by (zi, . . . , ZjvlV'eiCOW = 
y/N + l(zi, . . . ,ZN,£\*ff), which leads to the result: 

(z \M0W + 1, M, t ) = (£ - Zo ) A ' e -l«l 2 /4z!+«-(«) 

xYl^-Zi) m ^\N,M,t), (39) 

i 

where we omitted a combinatorial factor, because it can 
be absorbed into the tunneling amplitudes. A quasi- 
particle at the point £ is therefore described by the fol- 
lowing wave function: 

fehMOMAf.t) = (£-zo) M/m e-'«' 2 / 4 "^+^ 

xH(£-Zi)(z\N,M,t) (40) 

i 

Expression (|40|) differs from Laughlin's quasi-particle def- 
inition only by a constant factor. We show in Appendix 
IA1 that the quasi-particle operator, obtained by the pro- 
jection of V>qp(£) defined by ([4*0"]) onto the low-energy 
subspace, satisfies all the physical requirements (locality, 
charge and statistics). 

In order to evaluate the matrix elements (|38[) . we first 
assume that t' = t, as in the previous section, and then 
generalize our findings. The product Ili(£ — z i) m Eq. 
(|4"0"| can be rewritten as exp Ei m (£ — z i)]- Thus, ex- 
panding the logarithms in power series on the outer edge, 

and on the inner edge, 



i) = ln£'-E 



k>0 ■ 



'/W 



He 

H z i ~0 = H z i ~ z o) - Efc>o(£ _ z Q ) k /k(zi - zq)~, we 
arrive at the following expression for the matrix elements 
®: 



(N,M,t_\A(0\N,M',t) = (£* - 2 *) A/ / m (£- zo) M ' /m exp[-|£| 2 /2m/| + w(£) + w*(0 + N\n£] 



/ ]J d 2 z l {z* - zo) cxp I - Y^ 

"* i I fe>0 



* \ k 



ke Hz* - z*y 



(N,M,t\z)(z\N,M',t). (41) 



r 



Here we have assumed for simplicity that tunneling 
points are close to each other and have set £' = £. 

Taking into account that ^2 i z k {z\N,M' ,t) = 
d/dt k (z\N,M',t) and £.(*? - z*)- k (N,M 7 t\z) = 



d/dt*_ k (N,M,t\z), we pull out of the integral the 
power series in zi. Then we use the fact that 
(7V,M,t|z)n 4 «-^o) = (N,M+l,t|z) to rewrite the 
expression (|41l) in the following form: 
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(N,M,t_\A(0\N,M',t_) = (f - 2 *) M /™(e- zo) M ' /m exp[-|e| 2 /2™/| + w(£) + «*(0 + JVln£] 

fc>0 



x cxp ■ 



fc^ dtfc 



at* 



(JV,M+l,t|JV,M',t). (42) 



r 



One can immediately see that the matrix element ((32) 
vanishes unless M' = M + 1 . 

Finally, using expression (f2"Tj) for the logarithm of the 
norm Z = (M,N,t\N,M,t) and definition (|19|). we can 
write the projection of the tunneling operator (|37|) in 
terms of the deformation operators as follows: 

A(0 =t-exp[-icf)+Nlnl;+i ( p u (O-i<p] D (l;*-z* )}, (43) 

where all the constant multiplicative factors are absorbed 
into a prefactor t, and we have introduced the following 
notations: 



(Z/ru) k a kU ], (44a) 



^) = * £" 7| [«/^)*°L - (WO^] • (44b) 



fc>0 



To complete our description of the low-energy physics 
of the interferometer we must find the projection of the 
operators of electron tunneling from the quantum Hall 
edges to the Ohmic contacts. This can be done by apply- 
ing the technique used above to the electron annihilation 
operator (|39|) . The result of the projection is given by 



Au = tuc\j exp 
x exp 



1<PN 



-\-mNhiZu 



Mln(Cu-zo)] (45) 



for tunneling from the outer edge to the upper Ohmic 
contact (see Fig. [5] for notations), while the tunneling 
operator on the inner edge is given by 



A 



D 



t D c f D cxp [imip D (£ D - z )] 

x exp \j4>m + im<j> + M1ii(£d — zq)] . 



(46) 



To conclude this section we note that one can find the 
projected charge density operators at the edges of a QH 
system, p D {6) = Pa D (9)P - Mj2-nmr D and p v {9) = 
Pau{Q)P + (M + TnN)/2irmru, by rewriting the result 
(fH| directly in terms of the operators (fH?]) : 



Pd(0) = - 
Pu{0) 



1 



2irrD 
1 



96<Pd(0 



M 



2-nru 



de<Pu{0 + 



2iTmrE> ' 

M + mN 
2-Kmru 



(47a) 
(47b) 



Here the homogeneous contributions describe the charge 
accumulation caused by the variation of quantum num- 
bers M and N. Expressions (l47l) lead to the following 
commutation relations 



1 



[A(0,p s (6)}=± 8(6-6 s )A(0 



(48) 



where the angles 9d and 6jj parametrize the position of 
the tunneling point in coordinates of the inner and outer 
edge. These commutation relations show that the tun- 
neling operator (|43[) creates a pair of point-like charges 
of magnitude ±l/m. Similarly, one can check that the 
operators (J45"]) and (|46|) create a unit charge at the cor- 
responding edge. Expressions (|43H47[) complete the pro- 
jection procedure (see also Appendix |A"]) . The resulting 
low-energy theory agrees well with the effective theory of 
Refs. @ and @. 



C. Effect of a singular flux and a modulation gate 
voltage 

Having outlined a self-consistent procedure for the pro- 
jection of observables onto low-energy states, we next 
consider the projection of the edge Hamiltonian and of 
the tunneling operators in the situation where a magnetic 
flux is threading through the interferometer. First, we 
consider the situation where the flux is varied by appli- 
cation of a modulation gate voltage. The wave function 
of the interferometer in this situation is given by Eq. © , 
and the edge density in this state is given by Eq. (|15|) . 
Similarly to Eq. (|3|) , we define deformations of the ground 
state $5§ as follows: 

N 

(z\N,M,$,t) G = n° x P ™u(*i) 

i 

+ (<S>/<S> )u G (z l )\(z\N,M), (49) 

where ojg(z) = — J2k>o z /^ z u describes the local defor- 
mation of a Corbino disk near the point zu, \zu\ = r U on 
its outer edge. The scalar products of these states can be 
deduced from Eq. (f2"Tj) . They are given by the following 
expression: 

(N,M,<f>,t\N,M,$,t') a 

= exp [ - mF p i(t* k + t* k ,t' k + tok)] , (50) 

where tofc = —(<&/in®o)/kZu> f° r k > 0, and iofe = 0, 
for k < 0. Using the result (f50|) . one concludes that the 
algebra of deformation operators (f25"T) does not change 
after the application of a gate voltage. 

Next, we find that the edge density in the state (|49)) 
coincides with the result (fi"4|) . but with t k replaced by 
tk + tok- This docs not affect the energy of small de- 
formations, which is still bilinear in the coefficients tk- 
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Therefore, the only effect of the modulation gate on the 
edge Hamiltonian, up to irrelevant constants, is given by: 



E (N,M,$) 



VD -M 2 



2mrjy 



vu 
2mrjj 



(M + mN + $/$ ) 2 



(51) 

We can also find the projection of the tunneling operators 
by applying the shift tk —> tk +tok to formula (J13]), which 
yields 

„4(£)=£exp[w G (£)$/™$ ] 

X exp [ - itf, + Nln£ + fait) ~ W D {C ~ z o)] ■ (52) 

Thus, we note that, after an application of a gate volt- 
age, the tunneling operators A(£l) a t the left QPC 
and -4J(£r) a t the right QPC acquire a relative phase 
S<j) = ($/m$o)[wG&)+Wg(^)] proportional to the flux 
$ through the region of 2DEG depleted by the modula- 
tion gate. Using the explicit form of the function wg(£l), 
we arrive at the following expression: 



2tt$ 



1 



2irru J 



(53) 



where Ljj is the length of the outer arm of the interfer- 
ometer (see Fig. [5]). We will show in Sec. IV Bl that only 
the topological part 27t$/to$o of this phase enters tun- 
neling rates, while the geometry-dependent part cancels 
exactly with the zero-mode contribution. 

The situation where the flux is changed via the in- 
sertion of a singular flux tube is described by the wave 
function ([6]). In Sec. Ill Al we have shown that the inser- 
tion of a singular flux is equivalent to the insertion of a 
point-like charge (in classical plasma language) and that 
it leads to a homogeneous shift of the edges. Thus, we 
find the projected edge Hamiltonian by replacing M with 
M + <!>/<I>o (to take into account the shift of the edges), 
which yields 



Eo{N,M,$) 



VD 

2mro 



(7l/ + $/$ ) 2 



vu 
2mru 



(M + miV + $/$ ) 2 - (54) 



The wave functions of the deformed states in the pres- 
ence of a singular flux <J> differ from ([3]) only by the fac- 
tor Y\ i \zi — z |*^*°- Thus the tunneling operator can be 
found with the help of the same calculations as in Sec. 
IIIIBI which yields an expression that differs from Eq. 
(|43| only by a real prefactor: 

-4 = i|£-2o| 2 * /$0 
x exp [ - i<f) + TVlnC + upu(Z) - iip f D (C - z*)] (55) 

We conclude that, in contrast to the situation where a 
modulation gate is introduced, the tunneling operators 
at different QPCs do not acquire any relative phases due 
to the singular flux. This is interpreted as an exact can- 
cellation of the phase shift caused by the flux itself and 



the phase shift caused by charge accumulation at the 
edges. In Sec. IIVI we show that this fact is universal, 
i.e., it does not depend on the specific wave function ([2]) 
of the interferometer. 



IV. EFFECTIVE THEORY 

In this section we show that the low-energy effective 
theory, derived , in the last section, from the specific 
wave function @ , can be formulated in a universal gauge- 
invariant form. In order to do so, we start from the topo- 
logical Chern-Simons theory^i in the bulk of a QH sys- 
tem and construct a boundary action so that the total 
action is local and gauge invariant. Then we show that 
the gauge-invariant edge Hamiltonian coincides with the 
one derived from microscopic theory, see Eq. (|3"5"]) . and 
tunneling amplitudes coincide with those given by Eq. 
(|4"3"|) . Finally, we show that the independence of the tun- 
neling amplitudes on a singular flux is a gauge-invariant 
effect, caused by topological screening of a magnetic flux 
by the Chern-Simons field. 



A. Gauge invariant action 

We begin by recalling the construction of the effective 
low-energy theory of an infinitely extended QH liquid 
at filling factor v = 1/m. Such a liquid is described 
by a conserved current, j M . The continuity equation, 
dfij* 1 — 0, is solved by introducing potentials B^, 



.1' 



1 

2^ 



e^ x d v B > 



(56) 



Here and below, we use units where e = H = 1, and 
adopt the Einstein summation convention, unless speci- 
fied otherwise. The current is invariant under the gauge 
transformations B^ — > B^ + d^fi. By counting dimen- 
sions, it is easy to see that the gauge invariant action for 
the potential B given by 



S[B] = ^-[d 3 re^ x B l <d u B > 



(57) 



has zero dimension, while all other possible terms have 
lower dimensions, i.e., are irrelevant at large distance- 
and low energy scales. For example, the Maxwell-like 
term has dimension — 1. 

Next, the interaction with an external electromagnetic 
field, described by a vector potential A^ , is given by the 
term: 

S int [A,B] = Jd 3 rA^ - ±- J d \A^ x d v B x . 

Integrating out the fields B^, we arrive at an effective 
action for the electromagnetic field in the Chern-Simons 
form: 



Seff[A\ = 



1 



47T771 



d 3 re^ x A^A x . 
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The average current (J M ) = 8S c s\A\/8A ll , is then given 
by Hall's law: 

(J") = a H e^ x d^A x , 

where an = \/2-Km is the Hall conductivity. Thus, we 
conclude that, for an infinitely extended liquid, the action 
(|57|) correctly describes the QH effect at v = 1/m. 

However, in the situation where a QH liquid is confined 
to a finite region D, the effective action for the QH liquid 
in the presence of an external electromagnetic field, 



S[A,B} = 



1 



47TTO 



d 3 i 



M.V\ 



2A U + mB L 



d u B x , (58) 



is not gauge invariant^ Namely, one easily sees that, 
under a gauge transformation A^ — > A^ + d^a, B^ — > 
Bu + d^/3, the action (|58l) transforms as S[A, B] -^ 
S[A,B]+8S[A,B] with: 



6S[A, B] 



4tt 



d 3 r£ M^A 



2d^a + md^fi 



d v B > 



-iii 



OD 



d 2 r[2a + m0\e' iv d ll b v (59) 



where b = B „„ is the restriction of the bulk field B 

\oD 

to the boundary dD. A physical reason for the gauge 
anomaly is the fact that in a QH liquid confined to a 
finite region the bulk Hall current (|55|) is not conserved. 
Consequently, the electric charge may accumulate at the 
edge of the sample. 

In order to restore the gauge invariance of the effective 
theory, we take into account the boundary degrees of 
freedom. It is easy to see that the boundary action 



S[<f>] = ^ I d 2 r\D t ^D x <\> - h(D x 

W J 3D 



fhJdrt 



(60) 



which is similar to the action found in Ref. [361 ] from a 
quantization of the hydrodynamics of a charged liquid, 
cancels the gauge anomaly (|59p . provided one assumes 
that the edge field <\> transforms as 

<t> ->■ (j) - (2/m)a - /3, (61) 

and the covariant derivative is given by the expression 

Df,(j) = d^ + (2/m)o M + V 

Note that the commutation relations for the field <j>(x) 
are determined by the first term in the canonical action 
©: 

2-7T7 

[d x <t>(x),cj>(y)} = — S(x-y). (62) 

m 

However, the precise form of the boundary Hamiltonian 
density h(D x cf>) is not fixed by the effective theory. The 
only requirement is that the Hamiltonian density should 



be a positive definite function of D x cf>. The simplest pos- 
sible expression h = v(D x (j>) 2 , justified in the case of 
small edge deformations, leads to the chiral edge dynam- 
ics with a linear dispersion law. 

Finally, the expression for the charge density at the 
edge of a QH system may be found by evaluating the 
derivative p = —5S/5a t of the total action with respect 
to the boundary field. The result reads: 



1 
2^' 



-D x 



(63) 



Note that, after integrating out the fields B^, the action 
constructed above leads, for a trivial topology, to the 
effective theory that has been considered in Ref. |3o ]. 



B. Quasi-particle tunneling operators: Comparison 
with microscopic calculations 

Having constructed a gauge invariant low-energy ac- 
tion for an incompressible QH liquid, we proceed to an- 
alyze the spectrum of local excitations. The action ([57)1 
arises in the context of a topological field theory, where 
excitations are described by Wilson lines4i For instance, 
a general local excitation at the point r may be written 
as: 



i>q(r) = cxp I iq / dr^B 



(64) 



where q is a constant. The statistical phase of two excita- 
tions of the type (|64|) is determined by braiding the cor- 
responding Wilson lines4i Considering two excitations 
labeled by q± and q2, one arrives, after a simple calcula- 
tion of braiding, at the following expression for the sta- 
tistical phase: 812 = Ttqiqi/m. Moreover, if one defines 
the charge operator as an integral over a space-like plane 
Qem = (1/2tt) f d 2 re" x d l/ B\, then the charge of the ex- 
citation (|64p is given by Q cm = q/m. The above expres- 
sions for the statistical phase and the charge show that 
the excitation (|64[) with q — m has the quantum numbers 
of an electron, while for q = 1 in (|64[) this operator has 
the quantum numbers of a Laughlin quasi-particlc. 

An operator that creates a Laughlin quasi-particle at 
the point £ and a Laughlin quasi-hole at the point £' has 
the form of a Wilson line between these points: 



^(0Tp(O = exp(i[ dr^B,) 



(65) 



Note, however, that this operator is not gauge invari- 
ant. According to the gauge transformation of edge fields, 
Eq. (|6ip . the gauge-invariant operator of tunneling be- 
tween two edge states, described by the fields <f>u and 4>o 
correspondingly^ may be written as 

A(£) = t ■ e lct>u{x) exp (i f rfr^[S M + —A l >]\e- i + D< > x \ 

(66) 
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FIG. 5: Illustration of the model of a MZ interferometer based 
on the gauge-invariant effective theory of a QH liquid. Left 
panel: The QH liquid, shown in gray shadow, is bounded to 
a finite region with an edge shown by a thick black line. The 
bulk current (blue arrows) is not conserved at the edge. The 
corresponding anomaly inflow is canceled by an edge current 
(red arrows), which is described by the action (|60l) . For the 
edge degrees of freedom, we chose the coordinates so that 
the x-axis is tangential to the edge. Right panel: An MZ 
interferometer has two edges which are described by the fields 
4>u{x) (outer edge) and 4>d{x) (inner edge). The operators of 
tunneling at QPCs, located at points xl and xr, are given 
by the Wilson lines (shown in red) joining pairs of points 
on opposite edges. The phase of the product (f75)) of two 
such operators contains two contributions: One contribution 
arises from the integral of the bulk fields over the interference 
contour 7 (blue line), and the other one comes from the charge 
accumulated at the arms of the interferometer (thick lines). 
The length of the inner arm is denoted by Ld, while the length 
of the outer arm is Lu ■ 



where the ID and 2D coordinates are related via the 
expression £' = r\je lx l rv for the outer edge and £ — zq = 
rne lx ^ rD for the inner edge of the MZ interferometer; 
(see Fig. [5]). The tunneling operator (|B5|) creates a pair 
of local charges of the value 1/m at the edges, which 
may be checked by evaluation of the commutator of this 
operator with the charge density operator (|63p with the 
help of Eq. ([52"]). 

To compare the tunneling operator (J66I) with the mi- 
croscopic one, Eq. (|4"5|). we first note that, assuming the 
tunneling path is short, one may set £ — £' and neglect 
the Wilson line contribution in Eq. (|66[) . Next, we intro- 
duce a normal mode expansion for the edge densities p s , 
s = U, D: 



2np D {x) = - 



2irpu{x) 




a kD e 



-ikx 



+ h.c.],(67a) 



•mru 



[a kU e lkx +h.c.],(67b) 



fe>0 



where the summation ranges over the wave vector k. Here 
the operators aks and a ks obey the canonical commuta- 
tion relations (|2"5]) . This guarantees that the commuta- 
tion relation (|62[) is satisfied, when zero modes are taken 



into account. Moreover, the edge Hamiltonian 

H = tttti / dx[vuPu(x) + v D p 2 D (x)}, (68) 



expressed in terms of the operators a ks and a ks , coincides 
with the microscopically derived Hamiltonian (|35|1 . 

Finally, in this section and later in this paper, the fields 
<j> s naturally contain zero-mode contributions^ In or- 
der to find these contributions we need to know the vac- 
uum distribution of the field B^ at the edges for a state 
with given values of zero modes M and TV. This field 
describes the homogeneous distribution of the QH liq- 
uid in the interferometer and thus satisfies the equation 
e^ u {d^B v ) = 27rpbg. Typically, for a fixed geometry, one 
subtracts the background contribution from the Chern- 
Simons field and sets (B^) = 0. However, in the present 
case of a Corbino disk geometry, the field (B^) varies, de- 
pending on the numbers M and TV. We find the field by 
taking into account the change in the background charge 
Pbg caused by the variation of the quantum numbers M 
and TV. To this end, we note that the field e^ v '(-B„) may 
be viewed as an "electric field" that satisfies Gauss' law 
with the constant charge density pbg- The variation of 
the number M leads to a shift of the edges of the Corbino 
disk, and to an accumulation of a background charge ±M 
in the form of two homogeneous rings. Solving the 2D 
electrostatic problem we find that (B^) = on the inner 
edge and 



(£ M )=M0 M [arg(£)-arg(e-*o)] 



(69) 



on the outer one. 

We use the distribution (|69[) . the normal mode expan- 
sion (|57|) . and the relation (|55|) between the edge densities 
and edge fields to arrive at the following expressions 

<f>u = <f>N/m + Nx/ru + (M/m) a,rg( ru e ix/ru - z ) 

A „ — ikx 



Y,[ a lu e ~ lkX - h -C-]/Vkru, (70a) 



•>D 



k>0 

(/> + 4>n jm + Mx/mro 



+ i 



>EK 



ikx 



kD^ 



h.c] /^/kr^, (70b) 



fe>0 



which should be compared to Eq. (|44j). We conclude that 
the tunneling operator (|66[) , in the absence of an external 
electromagnetic field A^, coincides with the microscopic 
expression (|43|) if one sets £ = £'. It is important to note 
that the contributions of zero modes to the edge fields 
are strongly affected by the specific geometry of an MZ 
interferometer. Namely, the phase shift of the tunneling 
amplitude caused by the zero mode M is not constant 
along the outer edge, provided zq 7^ 0. 



C. Effect of a singular flux and a modulation gate 
voltage 

In this section we show that the effects of a singular 
flux and of a modulation gate found in Sec. IIII Cl ean be 
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reformulated in terms of the gauge-invariant low-energy 
effective theory. We start from the situation where the 
modulation gate voltage is applied in order to deform the 
outer edge of a MZ interferometer. This situation can be 
described at the level of the effective theory by adding a 
term in the Hamiltonian, that describes the interaction 
of the potential (p ms created by the modulation gate with 
charge density accumulated at the edge. Thus, the total 
Hamiltonian of the outer edge is given by the expression: 



Hu = / dx[nmvuPu( x ) + <Pms(x)pu(x)]. 

Then we find the ground-state expectation value of the 
charge density by minimizing the Hamiltonian with the 
constraint J dxpjj(x) = 0. 

For the situation where the gate is located at the point 
Xq, we approximate the potential as (f mg (x) = aS(x— Xq). 
The expectation value of the density is then given by 



Spu{x) = - 



2irmvu 



5{x - Xq) - 



1 



2-KTU 



The parameter a can be expressed in terms of the flux $ 
through the region depleted by the gate, a = 2ttv{j&/&o, 
so that the expression for the accumulated charge density 
acquires the form 



6pu(x) = - 



$ 



m<f>o 



5(x- Xq) 



1 



iTrru 



(71) 



Finally, we redefine the charge density on the outer 
edge by subtracting the vacuum contribution (|TTj) : pu — > 
pu + 5pu . As a consequence, the edge Hamiltonian (p5|) 
acquires an additional term: 



H 



dx 



vdPd( x ) +vu(pu(x) 



1 



<I> 



2Trrjj m&Q 



(72) 

Substituting into this equation the normal mode expan- 
sion (|70|) . we arrive at the result (|35[) with the vacuum 
energy Eq given by Eq. (|51j) . in full agreement with the 
microscopic theory. 

Next, we investigate the effect of the modulation gate 
on the tunneling operator (|66j) . We will show in the next 
section that, to lowest order in the tunneling Hamilto- 
nian, the AB contribution to the current is determined 
by the product of two such operators taken at two QPCs. 
Therefore, only a relative phase of the tunneling opera- 
tors has a physical meaning. We express this product in 
terms of the edge densities with the help of Eq. (|63l) : 



A(£ L )A\£ R ) cx cxp (i J dr» [B M + ^] 

x exp ( - 2-ki \ dx[pu(x) + pd(x)}). (73) 



Here 7 is the interference contour, X£ , £ — L, R are posi- 
tions of the QPCs, and the integral of densities extends 
over the arms of the interferometer (see Fig. [5]). 



Then, as explained above, we subtract the vacuum 
charge density (|7ip accumulated due to the interac- 
tion with the modulation gate. The product (fT3"| of 
tunneling operators then acquires a phase shift d(f> = 
—2irJ x R dxSpu(x). Using the explicit expression for 5pu 
in the situation where the gate is located at a point xo 
between the QPCs, we arrive at the result (f5"3")) . Thus, 
we see that calculations based on the gauge-invariant ef- 
fective theory fully agree with the microscopic derivation 
of the tunneling operators. 

It remains to investigate the effect of a singular mag- 
netic flux. To this end, we minimize the action (|60|) with 
respect to the edge densities in the presence of an ex- 
ternal electromagnetic field. This leads to the following 
equations of motion: 



d t ps - v s d x p s = 



1 



27T7T1 



E x , 



(74) 



where s = U,D, and E x is the component of the electric 
field along the edge of the sample. It follows from this 
equation that, in equilibrium, dtp s = 0, and for E x = 0, 
the accumulated charges are always homogeneously dis- 
tributed along the edges: d x p s = 0. Moreover, integrat- 
ing Eq. (|74[) over the coordinate x and subtracting the 
equation for the inner edge (s = D) from the equation 
for the outer one (s = U), we arrive at the following 
equation: 



d t M 



ft* 

$0 ' 



(75) 



where $ is the flux through the interferometer. Here 
we have used Maxwell's equations and restored physi- 
cal units. Thus, we conclude that, after the adiabatic 
insertion of the singular flux, the quantum number M 
is shifted by $/$o- This, in turn, leads to an effective 
Hamiltonian of the form: 



H 



s=U,D 



dxv< 



Ps{x) + 



1 



$ 



2irr s m$>o 



Using again the normal mode expansion (|70[) . we arrive at 
the Hamiltonian (|35|) . with the vacuum energy Eq given 
by Eq. (|54[) . in agreement with the microscopic theory. 

Finally, one can see from the expansion ((70)) that the 
tunneling operator (|66|) for £ ~ £' docs not depend on 
M. Therefore, it does not change after the insertion of 
the singular flux. This effect may be interpreted as an 
exact cancellation of two contributions to the phase of 
expression (|73[) . The first contribution arises from the 
gauge-invariant integral J dr^ [B^ + (2/m)A ti ] of the 
bulk fields over the interference contour 7 upon varia- 
tion of the singular flux. The second one is proportional 
to the charge J dx[5pu(x) + Spuix)] accumulated along 
the arms of the interferometer. Physically, this means 
that the phase shift of an edge excitation along a closed 
contour 7 caused directly by a variation of the vector po- 
tential A^ is screened by the phase shift caused by the 
concomitant reconstruction of the QH liquid. This kind 
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of topological screening is the reflection, on the effective- 
theory level, of the fact that after the insertion of the sin- 
gular flux the microscopic wave function ((6]) undergoes a 
deformation in order to preserve its single- valuedness. 



V. INTERFEROMETER OUT OF 
EQUILIBRIUM 

We have shown above that the AB effect, in its orig- 
inal formulation, does not exist in QH interferometers, 
because the tunneling operators do not depend on the 
singular magnetic flux threading the Corbino disk. This, 
however, does not imply that the current through the in- 
terferometer is independent of the flux. In this section we 
demonstrate that it oscillates as a function of $ with the 
electronic period $0j hi agreement with the Byers-Yang 
theorem. These oscillations originate from the Coulomb 
blockade effect and hence vanish in the thermodynamic 
limits and in the limit of strong coupling to Ohmic con- 
tacts. In contrast, oscillations of the current as a function 
of the modulation gate voltage originate from quantum 
interference. Therefore they do not vanish in the ther- 
modynamic limit. 




FIG. 6: Schematic illustration of the processes at Ohmic con- 
tacts and QPCs. Upper panel: Electrons tunnel between 
Ohmic contacts and QH edges, preserving the incompress- 
ibility of the QH liquid. These processes change the numbers 
Nu and Nd ■ Lower panel: Tunneling of a quasi-particle from 
one edge of the Corbino disk to another leads to the recon- 
struction of the wave function and changes the number I by 
1. It is accompanied by a change of the electric charge at the 
inner edge by the value 1/m. 

We consider a MZ interferometer, strongly coupled to 
Ohmic contacts, with weak quasi-particle tunneling be- 
tween inner and outer edge (see Fig.[Gj- The strong cou- 
pling of electrons to Ohmic contacts guarantees that the 
inner and outer edge states are in equilibrium with the 
metallic reservoirs, with corresponding electro-chemical 
potentials [i\j and /jr). The charge current between 
Ohmic contacts, arising as a response to the potential 
difference A/i = fijj — \ir> . is due to weak quasi-particle 
tunneling at the QPCs. It is then convenient to intro- 
duce a new notation for zero modes. We denote by Njj 



and Nu the numbers of electrons at the outer and inner 
edge of the interferometer, respectively. The number of 
quasi-particles localized on the inner edge is denoted by 
I = 0, . . . , m — 1: 



M = mN D - I, 
M + mN = mNu -I. 



(76) 
(77) 



The electron quantum numbers, Nu and Nrj, change due 
to tunneling at the Ohmic contacts while the quantum 
number I changes by 1 when a quasi-particle tunnels from 
one edge to the other one, as illustrated in Fig. [51 

Without loss of generality, we consider the zero modes 
to be classical variables and derive a master equation for 
the probability distribution functions. Quantum coher- 
ence manifests itself in oscillations of the quasi-particle 
tunneling rates as functions of the magnetic flux $. 
These oscillations originate from the interference of the 
two quasi-particle tunneling amplitudes at the left and 
right QPC. Formally, these oscillations stem from the 'In- 
dependent phase factor in the tunneling operators. 



A. Master equation and tunneling rates 

In this section we derive the master equation that de- 
scribes weak quasi-particle tunneling, and we find the 
tunneling rates using the effective theory constructed 
above. The strong coupling to Ohmic contacts implies 
that, after every event of quasi-particle tunneling, the 
edge states relax to the equilibrium state described by 
the probability distribution function 



Pi(N v ,N 



1 



D 



-f3(Eo-T. B fJ.,N s 



(78) 



where f3 is the inverse temperature, n s is the electrochem- 
ical potential of the s th Ohmic contact, and Zi is the par- 
tition function. The probability Pi(Njj , No) depends on 
the number I of quasi-particles via the ground-state en- 
ergy E (N(j 7 Nd 7 1), given by Eq. ([M]). Importantly, one 
does not need to specify the precise form of coupling to 
the Ohmic contacts, because the only role of this coupling 
is to equilibrate the edge states^ 

To lowest order in quasi-particle tunneling, the full dis- 
tribution function of zero modes may be written as 



P(N u ,N D ,l)=ViPi(N u ,N D ), 



(79) 



where Vi is the probability to find the system in a state 
with I quasi-particles, and Pi(N(j,Nrj) plays the role of 
a conditional probability to find the interferometer in a 
state with Njj and Nr> electrons at the edges, for a given 
number I of quasi-particles. 

Considering quasi-particle tunneling as a weak process 
that changes the number /, we may describe it with the 
master equation 

■Pi = fijii^-i + n w v l+1 - (n+ + nj-)p u (80) 
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where elf and f2 ; ~ are the rates of transition from the 
state with I quasi-particles to the state with / + 1 and 
I — 1 quasi-particles, respectively. These rates are given 
by the expression: 



9.; 



E 

N v ,Nn 



Wf{N u ,N D )P l {N Ul N D ) 1 



(81) 



where Wi(Nu,Nd) are the rates of quasi-particlc tun- 
neling between two states with fixed numbers of elec- 
trons, Njj and N D . 

At time scales much larger than the characteristic 
times of tunneling, the interferometer reaches a steady 
state regime with Vi = 0. It is easy to see that in this 
regime the following quantity is independent of I 



i = n+v t - n- +1 Vi +1 . 



(82) 



This quantity is in fact the charge current that we are 
looking for. This follows from the expression for the cur- 
rent 



I = {l/m)^2(Stt-iK)n 



(83) 



and from the periodic boundary condition, Vq = V m , 
which can be verified directly using equations (|78|) and 
(|T5|) . Note that the detailed balance equation 9lfVi = 
£l^~ +1 Vi+i is satisfied only if / = 0. Thus, the MZ inter- 
ferometer in a non-equilibrium steady-state regime rep- 
resents an interesting example of a system with broken 
detailed balance. 

We evaluate the tunneling rates W L (Njj, No) to lead- 
ing order in the tunneling Hamiltonian Ht = A + A\ 
where A = A(£,l) + A(£,r). A straightforward calcula- 
tion, based on the Fermi Golden Rule, gives the following 
expression: 



W+(Nu,N D ) 



dt Ti{ Pcq F(Nu , N D ,l)AHt)A(Q)}, 

(84) 

and a similar expression for W l {Njj, No)- Here the op- 
erator F(Njj, No, I) projects onto states with given num- 
bers N s and I, and the operator p eq is the equilibrium 
density matrix for the oscillators. 

Next, we outline some further steps, the details of 
which may be found in Rcfs. [29| and [3g. We write the 
equations of motion for the tunneling operators A{^i), 
t = L,R, by evaluating the commutator of the operator 
(H2J) with the Hamiltonian (|3"5]l . and solve these equations 
in order to find the time evolution of A. As a result, we 
arrive at the following expression for the tunneling rates 
taking the form of a sum of an incoherent and coherent 
part: 

W±(Nu,N D ) = fdte lAE ^[(\t L \ 2 + \t R \ 2 )l[K s (t) 

+ Re t L t* R e iN ln (^««) [J K s (t - L./v.jl , (85) 



Here AE±(N v ,N D ,l) = E (Nu,N D ,l ± 1) - 
Eo(Nu,Nd,1) is the energy difference between 
final states with I ± 1 quasi-particles and an ini- 
tial state with I quasi-particles, and the functions 
K s (t) = (^ s /7r)[sinh( 7 rt/^)] 1 / m , s = U,D, are the 
equilibrium correlation functions of the oscillator modes. 
We recall that N = Ny — Njj is the total number of 
electrons in the Corbino disk, and £l and £r are the 
2D coordinates of the QPCs. Note that the magnetic 
flux enters the tunneling rates (|85p . in particular, via 
the energy difference AE±. In the next two sections 
we use Eqs. (|5i"j) and (|54"]) for the energy E in order to 
investigate the flux dependence of the tunneling rates in 
different situations. 



B. Effect of a modulation gate: Quasi-particle AB 
periodicity 

In the case where the flux through the interferometer 
is varied with the help of a modulation gate we use Eq. 
(|5Tj) to evaluate the energy difference between the final 
and initial state: 






s=U,D 



±±l Tm N s ) T ^-. (86) 
2 / mru®o 



In this situation, an additional flux dependence is due 
to the tunneling operators A(£l) and A(£r) at the left 
and right QPCs, which acquire a relative phase 5(f) given 
by Eq. (|53[) . which, for convenience, we rewrite here: 
6(f) = (27T$/m$ )[l - (Lu/2irru)]- This phase enters 
the interference term of the tunneling rates (|85[) . 

Next, we note that in the thermodynamic limit^ the 
sum over the electronic numbers in Eq. (|85[) and in the 
expression for the partition function Z; can be well ap- 
proximated by an integral, so that we arrive at the ex- 
pressions 



n; : 



i 
zi 



dNudN D e-^ E °-^° ^ N ^W±(Nu, N D ). 



(87) 

It is convenient to shift the integration variables: Njj — > 
Nu + l/m - $/$o and N D — s- N D + l/m. Important 
consequence of this transformation are the following ones: 
First of all, the energy of zero modes simplifies, Eq = 
^2 s mv s Ng/2r s , where s = U, D. Second, the energy 
difference becomes independent of the number / and of 
the flux: AE± = J2 s (v s /mr s ){l/2±mN s ). Finally, the 
AB phase difference ([SB"]) takes a topological value, 6<f> = 
27t$/7ti$0j because its geometry-dependent part cancels 
exactly with the contribution from the phase N 1il(£l£]j) 
in the interference term of the rates (|85l) . 

Using the new expressions for Eq, AE±, and 8(j>, we 
find that the integral (|87p is Gaussian with the saddle 
point located, in the thermodynamic limit, at 
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mvD 



Nn 



mvjj 
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Substituting this values into Eq. (|8ip . we obtain the fol- 
lowing expressions for tunneling rates: 

nf($) = Jdte^l™^ [{\t L \ 2 + \t R \ 2 ) ]jK s (t) 



states with I ± 1 and Z quasi-particles is given by 



Bet L t* R e 2 * i * /m *°e ima U L & ) ]J K.Ct - 



with N = Nir — Nn in the second term given by 



N 



Hd- 



rp 
mvD 



Hu- 



mvjj 



(89) 



(90) 



as follows from the expressions 

Thus, we arrive at a first important conclusion: The 
rates do not depend on I, il, = il . This implies, ac- 



cording to Eq. (f83|) . that the current is equal to I = 
(\/m){Vt + — Or), i.e., it coincides with the expression 
for the current obtained in Ref. [36|]. We therefore do 
not evaluate the integral in ([59")) and refer the reader 
to [361 ] . where the current has been thoroughly analyzed 
in the linear and non-linear regimes. Second, we note 
that the rates (|89|) depend on the magnetic flux. Thus 
we conclude, that the AB effect survives in the thermo- 
dynamic limit if the flux is varied with the help of a 
modulation gate. One can see that the current has the 
quasi-particle periodicity. This result does not violate the 
Byers-Yang theorem, because the flux through the inter- 
ferometer caused by the application of a modulation gate 
cannot be gauged away. 

Finally, we note that tunneling rates (|89|) depend not 
only on the voltage bias A /it, but also on [i,\j and \xp 
separately, via the total number of electrons in the inter- 
ferometer, N = Njj — Njj, which is given by expression 
(J9"D"|) . This seems to violate the gauge invariance. In fact, 
this is not the case, because we assumed, for simplic- 
ity, that the Coulomb interaction is screened by a nearby 
metallic gate, so that the inner and outer edges of the 
Corbino disk do not interact. This situation is realized 
in a number of recent experiments, 
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e.g., in Ref. 

additional metallic gate plays a role of the third electrode, 
which independently controls the number of electrons in 
the system. The potentials \xu and fip are then mea- 
sured with respect to this gate. We have to admit that 
the degree of screening depends on details of an experi- 
mental situation. We stress, however, that these details 
do not affect the generality of our conclusions concerning 
the periodicity of the AB oscillations. 



C. Effect of a singular magnetic flux: Restoration 
of the electronic periodicity 

Here we show that, in the situation where the flux 
through the interferometer is varied by inserting a singu- 
lar flux tube, the electronic periodicity of the current is 
restored. In this case the energy difference between the 






ri / $ 

-±[l- mN s - — 
2 V $ 



(91) 



We may now pass to the thermodynamic limit and re- 
place the sum over N s by an integral to arrive at expres- 
sion (|57|) . It is then easy to see that, in the present case, 
after shifting variables, N s — > N s + l/rn — <!>/m<I>o, the 
integral becomes independent of the flux $. This is be- 
cause, here, the magnetic flux enters the tunneling rates 
(|85[) only via the energy of zero modes, Eq, in contrast to 
the situation where the flux is varied with the help of a 
modulation gate. We conclude that there is no AB effect 
associated with a singular flux, and in order to find the 
flux dependence of the tunneling rates we need to take 
into account terms that are small in the thermodynamic 
limit. 
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FIG. 7: Illustration of the analytical structure of the integral 
(|92[) . On one hand, this integral can be presented as a sum 
of residues at integer points on the real axis. On the other 
hand, the initial integration contour, shown in red, may be 
deformed to a new position, shown in blue, parallel to the real 
axis at a distance No S> 1 from it. 

To this end, we use an identity^ that allows to rewrite 
a sum over integer numbers as an integral, 



N 



dN cot(irN) (...), 



along the contour shown as a red line in Fig. [7J Using 
this identity and performing the shift of variables N s —> 
N s + Z/?7i + $/to$o, we arrive at the following expression 
for transition rates: 






Clf = — d> Y[dN s cotir(N s H 

x exp ( - Pmv s N 2 s /2r s + ^ S N S )W±{N V , N D ), (92) 

where we have omitted unimportant constants, and 
W t (Nu,Nd) are the tunneling rates (|85|) . We stress 
that after the shift of variables indicated above, the tun- 
neling rates W l (Njj, Np) are seen not to depend on the 
number I and the flux <f>. 



19 



Next, we use the analyticity of the rates W ; as func- 
tions of the variables Njj and Np to deform the integra- 
tion contour in (|92|) to the new position, N s = x s ± iNo, 
as shown in Fig. [7] Assuming that Nq is large, we expand 
the cotangent in the integral (|92[) and keep the leading 
harmonic: 



C0t7T 






(n s + - 

\ m 



exp 



( l 

±27Tl x s H 



/ 



m<I>r 



Substituting this expansion into Eq. (J92J), we find that 
the first term reproduces our earlier result for the leading 
order contribution in the thermodynamic limit. For the 
second, sub-leading, term, the saddle point is located far 
from the real axis: 



N„ 



fJ- s r s 2nir s 



m(3v s ' 



(93) 



because r s j (3v s 3> 1. This justifies the expansion of the 
cotangent in the thermodynamic limit. 

Using the saddle point values of N s we arrive at the 
following expression for the tunneling rates (|81l) : 



ilf = 0^(0) + RcJ^ft cxp[-27r 2 r s /m^ s ] 

S 

v mv s Tn m$>o 



x exp 



2iri 



(94) 



where the first term, J7 ± (0), is the rate (|89|) taken at 
$ = 0, and the functions ff- of \i\j and /id are given by 
expressions similar to those in Eq. (|89|) . These functions, 
the exact form of which is not important, are indepen- 
dent of I. As expected, the tunneling rates (|94|) contain 
oscillatory contributions in $ that are exponentially sup- 
pressed in the thermodynamic limits These oscillations 
may be interpreted as resulting from the Coulomb block- 
ade effect. 

Finally, we note that the flux enters the transition rates 
(|M|) solely in the combination I — $/$o- A shift of the 
flux $ by one flux quantum $o may be then compen- 
sated by the shift I — > I + 1. The quasi-particle current 
is given by expression (jg3")l . where the probabilities sat- 
isfy Eqs. (|82j) with the constraint ^ZjPj = 1. All these 
equations are periodic in I with period equal to m and in- 
variant under the replacement f2 ; — > ^ ;+1 - This implies 
that the average current has the electronic periodicity, 
/(A/it, 3>) = I(Afi, $ + $o), m agreement with the Bycrs- 
Yang theorem. For example, the solution of Eqs. 
and (|53"j) for v = 1/3 gives the average current 
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(95) 



which is explicitly periodic function of $ with the elec- 
tronic period $o- At the same time, each tunneling rate 



f2j has a quasi-particle periodicity. Therefore, the quasi- 
particle periodicity with respect to a singular flux may 
in principle be observed via, e.g., the current noise mea- 
surements at finite frequencies. The last fact does not 
violate the Byers-Yang theorem, because this theorem 
applies only to a stationary state and to long-time mea- 
surements. 



VI. DISCUSSION 

The effect of topological screening plays a central role 
in resolving the Byers-Yang paradox. We have shown, 
both on the microscopic and on the effective theory lev- 
els, that it leads to a cancellation of the total AB phase 
due to the singular magnetic flux tube threading through 
the interferometer's loop and of the phase shift accumu- 
lated as a result of the physical displacement of the state, 
ft is this last fact that makes interferometers based on 
QH systems to stand out from the variety of other elec- 
tronic interferometers, where the AB effect is regarded 
nowadays as a simple textbook physics. We then con- 
clude that the AB effect, in its original formulation, does 
not exist in QH interferometers. To further illuminate an 
important role of topological screening, we will consider 
here a simple example of a QH liquid at filling factor 
v = 1, where our theory also applies. 

According to a commonly used single-particle picture, 
electrons in v = 1 state drift along the equipotential lines. 
One may then consider a QH interferometer to be an open 
system, where single-particle orbits form a loop as shown 
in the upper panel of Fig. [I] and apply the scattering 
theory. Since the position of the orbits does not change, 
being fixed by the equipotential lines, the only effect of 
the singular magnetic flux is to shift the phase of single- 
particle wave functions, which leads to the overall AB 
phase shift 5<j> = 27r<f , /$o m scattering amplitudes. Fi- 
nally, using the Landauer-Biittiker formula,— one easily 
finds that the average current should oscillate as a func- 
tion of the singular flux with the period $0j in strong 
contradiction with the effect of topological screening. 

Addressing this problem, we first reiterate that (i) the 
QH effect has a topological character, therefore the naive 
open systems approach may not be applicable to QH in- 
terferometers, and (ii) topological screening stems from 
the cooperative action of many electrons, so that the 
single-particle picture may not correctly describe the ef- 
fect of insertion of the singular flux. As we demonstrate 
below, the single-particle picture is consistent with the 
microscopic description of the v = 1 state, particularly 
with the many-particle Laughlin wave function (JTJ) , only 
in the case of an axially symmetric Corbino disk (i.e., for 
zq = 0). However, in this case the AB phase shift can- 
cels locally with the phase shift caused by the physical 
displacement of the orbits after the insertion of the sin- 
gular flux, in full agreement with the effect of topological 
screening. One may argue, though, that a realistic inter- 
ferometer is not symmetric: it is a small part of a larger 
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QH system. Therefore, we will focus now on the case of 
an asymmetric Corbino disk (see Fig. [5]) and show that 
the single-particle description violates the Pauli princi- 
ple. 



of the flux, the correct singe-particle basis leads to the 
wave function ([5]), which describes incompressible defor- 
mations. 




FIG. 8: The shape of an asymmetric Corbino disk is deter- 
mined by the confining potential, shown here by the level of 
the gray shadow. The equipotential lines are shown by thin 
black lines. The eigenstates of a free Hamiltonian, moving 
along the equipotential lines, belong to three groups: those 
located inside the separatrix Fn, between Fn and r out , and 
outside the separatrix r ou t- Orbits of the first and of the 
third group encircle the hole of the disk, therefore they move 
upon the adiabatic insertion of the singular flux. The orbits 
between the lines Fn and r out are not affected by the flux. 
This leads to the accumulation or a depletion of the density 
along the lines Fn and r out . 

Indeed, in a QH system, the eigenstates of the non- 
interacting Hamiltonian are the single-particle orbits that 
drift along the equipotential lines, shown in Fig. [5] as thin 
black lines. Two separatrices (blue line r out and red line 
Tin) split the orbits into three groups with different angu- 
lar momenta with respect to the hole in the Corbino disk, 
i.e., with respect to z = zq. Initially, in a ground state 
all the single-particle orbits inside the Corbino disk are 
filled. The adiabatic insertion of the singular flux through 
the hole at the point zq does not affect the orbits between 
two separatrices, because those orbits do not encircle the 
flux. At the same time, the orbits that belong to the 
other two groups encircle the flux, and therefore, shift 
inwards or outwards in order to maintain single valued- 
ness. This leads to the accumulation or depletion of the 
charge density in the regions along the lines r out and Tin. 
Thus we conclude that the single-particle picture, based 
on the eigenstates of a non-interacting Hamiltonian, fails 
to correctly describe the insertion of the singular flux, be- 
cause it leads to compressible deformations in the bulk 
of the 2DEG. 

The correct approach consists of using the single- 
particle basis which corresponds to unconfined orbits 
tph = z k cxp(— |z| 2 /4^). These are not the eigenstates of 
a non-interacting Hamiltonian in the presence of a con- 
fining potential. Nevertheless, before the insertion of the 
singular flux two bases are equivalent to each other and 
related by a unitary transformation. After the insertion 




FIG. 9: Schematic of an experimental setup that may be used 
to detect the effect of topological screening. The 2DEG is 
confined to the region shown by gray shadow. Additional 
gate allows to partially deplete the 2DEG so that it becomes 
confined to the new region, shifted as shown by the dashed 
line. The total area enclosed by the interferometer becomes 
larger after the application of the gate voltage. However, due 
to the effect of topological screening only the flux through 
the QH liquid contributes to the AB phase, and it remains 
unchanged. 



In the end, we would like to mention that the inser- 
tion of a singular flux is an idealization introduced in 
this paper in order to formulate the effect of topological 
screening. Such a procedure is not easily realizable in 
experiment. Therefore, in what follows we consider some 
physical consequences of the effect of topological screen- 
ing in QH systems where a homogeneous magnetic field is 
varied. We note that even in this case the total magnetic 
flux through the hole in the MZ interferometer is screened 
and gives no contribution to the AB phase, because the 
homogeneous flux may be viewed as a distributed singu- 
lar flux. This screening effect can, in principle, be tested 
in an experiment with a MZ interferometer at filling fac- 
tor v = 1. Namely, one should apply a voltage to an 
additional gate in order to significantly change the size 
of the hole in the interferometer, without affecting the 
total area of the QH liquid enclosed by the interfering 
paths, as shown in Fig. [9] We predict that due to the 
effect of topological screening the period of AB oscilla- 
tions as a function of the homogeneous magnetic field will 
remain unchanged, despite the strong variation of the ge- 
ometrical area of the interferometer after the application 
of the gate voltage. 

Next, we consider the effect of topological screening 
in QH systems with a long-range disorder. If the filling 
factor is slightly different from the value v = 1/m, but 
the QH system is still at the corresponding plateau of 
the Hall conductivity, then there are several unoccupied 
localized states in the bulk. This implies, that the incom- 
pressible QH liquid in the bulk of the 2DEG contains sev- 
eral holes, which result from the fluctuations of the disor- 
der potential. Due to the effect of topological screening, 
the flux through these holes does not contribute to the 
AB phase. Therefore, the AB phase is proportional only 
to the total area of the incompressible QH liquid in the 
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interferometer S e g = vS, and not to the geometrical area 
S. This should lead to a linear dependence of the period 
of AB oscillations on the magnetic field: 



AJ3 = $ /i/5 ex B. 



(96) 



In addition, in samples with a strong disorder, so that 
the fluctuating potential exceeds the cyclotron gap, such 
a behavior should be present in a range of magnetic fields 
that is larger than the width of a single plateau. We think 
that the linear magnetic field dependence (|96p might have 
already been observed in a number of experiments on 
Fabry-Perot interferometers 1 16 i 54 



VII. CONCLUSION 

Recently, the physics of AB oscillations in electronic in- 
terferometers has become a subject of a debate. A num- 
ber of works have claimed that only the electronic peri- 
odicity may be observed in MZ interferometers based on 
QH states at fractional filling factors v — 1/m. We have 
briefly reviewed those papers in the introduction, and in 
more detail, in the Appendix C of our earlier paper [36J . 
Here we recall that the main argument against the ob- 
servability of AB oscillations with a longer, quasi-particle 
periods is based on the Bycrs-Yang theorem, which states 
that the steady-state current through the interferome- 
ter oscillates with the electronic period $o as a function 
of the singular magnetic flux $ threading through the 
interferometer's loop. Different proposed models have 
in common that they do not differentiate between three 
methods of the variation of the flux, namely, by inserting 
the singular flux tube, by applying a modulation gate 
voltage, and by varying a homogeneous magnetic field. 
All these models rely on the effective theory approach. 

In our earlier paper we have criticized those works and 
argued that the average current may oscillate with the 
quasi-particle period m$o m response to the modula- 
tion gate voltage, and yet this behavior does not vio- 
late the Byers-Yang theorem (see Appendix C of Ref. 
[3a|). However, the arguments based solely on the ef- 
fective theory seem to be insufficient. Therefore, in the 
present paper we refine our approach and justify it on 
the microscopic, effective, and kinetic theory levels. We 
consider the Laughlin variational wave function of the 
v = 1/m state, which is known to have extremely large 
overlap with the exact wave function, and construct the 
space of gapless incompressible deformations of the QH 
liquid of the MZ interferometer. We proceed by project- 
ing the microscopic Hamiltonian on the subspace of such 
excitations and arrive at the low-energy theory of the in- 
terferometer in the presence of a singular magnetic flux, 
or in the case of the applied modulation gate voltage. 
We derive the effective theory for a MZ interferometer 
from the Chern-Simons theory and find essentially per- 
fect agreement with the results of the low-energy pro- 
jection. Finally, using the effective theory, we develop 
the kinetic theory approach to a MZ interferometer in a 



non-equilibrium current-carrying state, and find AB os- 
cillations in the average current. We confirm that the 
model of Ref. [36| is correct. Our results are summarized 
below. 

First of all, we predict the effect of topological screen- 
ing of a magnetic flux threading through a hole in an 
incompressible QH liquid, which manifest itself in the 
cancellation of the total AB phase of the wave function 
due to the flux and of the phase shift accumulated as a 
result of the physical displacement of the wave function. 
On the microscopic level, this effect appears naturally as 
a consequence of the singlc-valucdness of the Laughlin 
wave function. On the effective theory level, it arises as 
a cancellation of the vector potential associated with the 
magnetic flux and of the Chern-Simons field induced by 
the reconstruction of the wave function in response to 
the insertion of the flux tube. This effect has a global, 
topological character, because it does not depend on the 
choice of the gauge. As a result, the AB effect, in its 
original formulation, cannot be observed in QH systems 
in principle. Taking into account this situation is crucial 
for resolving the Byers-Yang paradox. 

Nevertheless, a QH system in general, and an elec- 
tronic MZ interferometer in particular, will respond to 
the insertion of the singular flux in the form of pe- 
riodic oscillations in the average steady-state current. 
These oscillations result from the redistribution of the 
charge between edge states, and from the charge quan- 
tization. However, these oscillations are associated with 
the Coulomb blockade effect, should have an electronic 
period $0j and will vanish in the thermodynamic limit, 
where the MZ interferometer may be considered an open 
quantum system. Thereby, our theory conforms to the 
Byers-Yang theorem. On the other hand, we predict that 
when the total magnetic flux 4> though the interferom- 
eter's loop is varied with the help of a modulation gate 
attached to one arm of the interferometer, the average 
current will oscillate as a function of this flux with the 
quasi-particle period m^ . Such a striking difference be- 
tween two behaviors may be interpreted as if the mod- 
ulation gate only "couples" to the local quasi-particle 
charge e/m at the edge of a QH system, while the singu- 
lar flux "couples" to the global charge of Laughlin quasi- 
particlcs, which is equal to zero. 

We admit that to fully resolve the controversy con- 
cerning the nature of the quasi-particle interference it 
is important to experimentally confirm or disprove AB 
oscillations with quasi-particle periods in electronic MZ 
interferometers. However, we understand that this exper- 
iment, which has to be done at fractional filling factors, 
might be not an easy task. Therefore, we suggest, as an 
intermediate step, to directly demonstrate the effect of 
topological screening by carrying out specific measure- 
ments, as explained in Sec. [VI] (see Fig- EJ)- Importantly, 
by doing such measurements one may observe the effect of 
topological screening even at integer filling factors, e.g., 
at v = 1. We further predict that in strongly disor- 
dered QH systems, as a result of topological screening, 
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the period of AB oscillations should linearly depend on 
the magnetic field across the plateau of the Hall conduc- 
tivity. 

Our additional remarks concern the properties of 
quasi-particle operators and of the tunneling Hamilto- 
nians. First we note that we directly construct quasi- 
particle operators by projecting quasi-particle excitations 
of the Laughlin wave function onto the low-energy sub- 
space. We then demonstrate that so constructed opera- 
tors have anyonic commutation relations and create lo- 
cal excitations of the charge e/m. However, our calcu- 
lations show that it is incorrect to consider such excita- 
tions as free particles propagating from one Ohmic con- 
tact to another and carrying a "statistical phase tube". 
Instead, they are created by tunneling perturbations lo- 
cally at QPCs. It is convenient to represent tunneling 
operators in term of Wilson lines, which connect end 
points of the tunneling paths. Then it becomes clear 
why tunneling operators are insensitive to the number 
M of quasi-particles localized at the hole of the Corbino 
disk, contrary to what some earlier papers suggest. This 
is because two Wilson lines that describe tunneling at 
two QPCs may be exchanged without winding the hole 
of the Corbino disk. Finally, we find no evidence of Klein 
factors in tunneling operators. Therefore, taken at two 
spatial points, they do not generally commute, except 
for a Fabry-Perot interferometer, as explained in the Ap- 
pendix El 

We conclude by saying that the proposed effective the- 
ory of an electronic MZ interferometer can be generalized 
to states with other filling factors than v = 1/m, in par- 
ticular, to the states with non-Abelian statistics of ex- 
citations. Moreover, our results are easily gencralizable 
to systems with a different geometry, e.g., to electronic 
Fabry-Perot interferometers. Although, the physics in 
general will remain the same, detailed considerations may 
bring new interesting results. In view of our new findings 
concerning the nature of the quasi-particle interference, 
it is very interesting to reconsider the effects of quasi- 
particle exchange and statistics. 
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Appendix A: Commutation relations for 
quasi-particle operators 

Here we discuss commutation relations for quasi- 
particle operators and for tunneling operators (J15)) at 
spatially separated points. First of all, we show that the 
microscopic theory proposed in Sec. IIIII leads to typical 
anyonic commutation relations^ for the quasi-particle 
operators. To this end, we apply the projection proce- 



dure (|26[) to the quasi-particle operator (|40[) and carry 
out calculations similar to those that lead to the expres- 
sion (j43j) for tunneling operators. This procedure gives 
us the following expressions for the low-energy projection 
of quasi-particle operators 

ifo(Q = exp[i<fu(£,)} 

x expi[(f> N /m + M/m ln(£- z ) +iVln£], (Ala) 

iPd(€) = cxp[i(p D (£, - z )} 

x expi[(/> + 4*n I'm + M/mln(£ — zq)], (Alb) 



where the fields (p s (£,) are given by Eqs. (|44| . 

Note, that the operator (jlO)) has zero charge, i.e., it 
creates a local excitation with the charge e/m together 
with the homogeneous density along the edge with total 
charge —e/m. Therefore, after the low-energy projec- 
tion we have multiplied the quasi-particle operators by 
the factor e I( ?W m j n order to cancel the contribution of 
the homogeneous density. Thus, the resulting operators 
(|Aip indeed create local excitations with the charge e/m. 
Comparing equations ([70)1 and (|A1[) . we see that so de- 
fined fields agree with whose derived in Sec. IIVI at the 
effective theory level. 

Using the expressions (|A1[) and commutation relations 
(fT5)) and (|25[) one easily arrives at the following relations 
for quasi-particle operators at the same edge: 



4>d(£.l)iPd((,r) =e 



^sign(a; i -a; H ) 
ign(xij— xl) 



<M60<Ma), (A2a) 

Mt*)Mb), ( A2b ) 



and to similar expressions for the adjoint operators. Here 
we define & = rue lXl ^ Vu with £ = L,Rat the outer edge, 
and £,e = z o + rjje lXl / TD at the inner edge. The commu- 
tation relations (|A2|) show that quasi-particles (|A1[) are 
anyons^ with the statistical phase ir/m. 

Note, that the phase factors on the right hand side of 
the expressions (|A2[) arc m-valucd functions on a circle. 
This is consistent with the fact that quasi-particle op- 
erators are also multi-valued. Interestingly, straightfor- 
ward calculations show that the operators at the opposite 
edges do not commute: 

xiM&)lM&) (A3) 

In other words, a quasi-particle on the outer edge feels 
the presence of another quasi-particle on the inner edge. 
This is because the creation of a quasi-particle on the in- 
ner edge shifts quantum numbers N and M. The change 
of this number is a topological effect which leads to a re- 
construction of the wave function and changes the Chcrn- 
Simons field ([55]). 

Next, we focus on the commutation relations for the 
operators of quasi-particle tunneling. First of all, we 
would like to emphasize that at the microscopical level 
two tunneling operators do commute, as they are just 
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polynomials. However, being projected onto low-energy 
subspace, they do not necessary commute, if taken at 
different spatial points. The direct calculation for the 
operators |g3J) with the help of Eqs. (JTSJ) and (J5SJ) leads 
to the following expression: 



AZl)A(£r) = exp 



m\ rrj td 



Mr)Ml) 



, (A4) 
In the thermodynamic limit, r s — > oo, which describes an 
open MZ interferometer, this leads to a simpler expres- 
sion: 



A(U)A(£ R ) = e 2 ™' m A{t; R )A{ti L ), 



(A5) 



where the statistical phase takes the topological value. 
For a Fabry-Perot interferometer, setting Ljj ~ 2-ktjj 
and Ld/td <C 1 and vice versa (see Fig. |5j), we find 



that tunneling operators commute [A(£l) , A(£r)] = 0. 
We stress that the contribution of the commutator of 
zero modes is crucial in the above calculations. The zero 
modes in part related to the bulk Chern-Simons field (see 
the discussion at the end of Sec. lIVB]) and naturally take 
into account the topology of the interferometer. 



Finally, we note that the results (|A2|) and (|A5[) pro- 
vide a microscopic justification of the model of the MZ 
interferometer that we proposed in Rcf. [36J. We have 
argued there that tunneling operators, derived from the 
effective theory of the QH edge states, do not need to 
commute, because the presence of a gap in the spectrum 
of bulk excitations of the incompressible QH liquid makes 
them nonlocal. Importantly, we do not see any evidence 
of the Klein factors^ in tunneling operators (|43|l , when 
expressed in terms of the quasi-particle operators (jAll) . 
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